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SUMMARY 


In  this  report,  the  effect  of  multiple  scattering  on  coherent  wave 

propagation  in  discrete  random  media  has  been  investigated.  The  medium 

is  modelled  with  a  random  distribution  of  spherical  and  non-spherical 

scatterers.  In  the  recent  past,  we  have  been  concerned  with  theoretical 
* 

and  numerical  studies  of  electromagnetic  wave  propagation  in  discrete 
1  2 

random  media  ’  .  Of  particular  interest  to  us  was  the  frequency  depend¬ 
ence  of  the  attenuation  and  the  phase  velocity  of  coherent  waves  as  a 
function  of  volume  fraction,  size  and  shape  of  scatterers  distributed  in 
a  host  medium.  We  used  a  self-consistent  multiple  scattering  theoiy  wherein 
the  response  of  a  single  scatterer  was  described  by  a  T-matrix  and  several 
forms  of  the  pair  correlation  function  were  used  to  take  into  account 
concentrations  greater  than  1%.  Our  results  compared  very  favorably  for  a 

wide  range  of  frequencies  (ka  from  3  to  8*0  and  concentrations  from  0  to 

3  1* 

50%  with  the  experiments  of  Ishimaru  and  Killey  and  Meeten  . 

a)  One  of  the  objectives  of  the  past  year's  efforts  was  to  concentrate 
on  anisotropic  effects  resulting  from  waves  propagating  at  arbitrary  angles 
to  randomly  distributed,  aligned,  pair-correlated,  non-spherical  scatterers^ 
Such  problems  have  been  studied  by  Twersky  ^  wherein  he  has  presented  ana¬ 
lytical  results  in  the  long-wavelength  approximation.  In  Ref.  5,  the  simi¬ 
larity  between  Twersky 's  and  our  approaches  is  discussed.  Although  both 
formalisms  are  quite  different,  they  result  in  the  same  dispersion  equation. 
Cur  formulation  is,  however,  more  suited  for  numerical  computations  at 
higher  frequencies.  We  have  discussed  this  at  some  length  in  Ref.  7  wherein 
we  have  performed  numerical  computations  of  Twersky's  equations  for  the 
acoustic  case  and  compared  it  with  computations  for  our  equations.  In  Ref.  5 


the  calculations  performed  are  quite  complicated  since  all  values  of  the 

azimuthal  index  contribute  in  the  expansion  of  coherent  electromagnetic 

field  in  vector  spherical  functions.  Our  computed  results  ^  are  in  excellent 

agreement  vith  those  obtained  by  Twersky  ^ .  Average  frequency  dependent 

properties  are  also  studied  and  presented.  For  comparison  purposes,  we 

have  also  investigated  the  electromagnetic  wave  propagation  through  randomly 

distributed  and  oriented  scatterers  by  introducing  the  concept  of  a  rotation 

8 

matrix  along  with  the  T-matrix 

b)  The  close  agreement  between  our  theory  and  experiments,  although 
very  encouraging,  calls  for  further  research  on  specific  issues  such  as 
(i)  the  range  of  validity  of  the  Quasi-Crystalline  Approximation  (QCA)  as 
well  as  corrections  to  it,  and  (ii)  the  generation  of  non-spherical  two 
point  correlation  functions  so  that  dense  concentrations  of  non-spherical 
particles  can  be  considered. 

In  order  to  determine  the  two  point  correlation  functions  for  both 
spherical  and  non-spherical  scatterers ,  we  are  developing  a  computer  algo¬ 
rithm  to  solve  the  Percus  -  Yevick  equations  as  well  as  Monte  Carlo. 

9 

techniques  .  In  Ref.  9,  two-dimensional  Percus  -  Yevick  equations  are 
solved  numerically  with  excellent  comparisons  with  Monte  Carlo  calculations. 
For  low  concentrations,  Twersky  ^  has  developed  pair  correlation  functions 
purely  based  on  geometry  which  agree  with  our  computer  generated  values .  In 
the  Monte  Carlo  simulation,  the  computer  is  instructed  to  perform  a  series 
of  small  random  displacements  on  the  particles.  If  any  displacement  results 
in  two  ’’hard"  particles  overlapping,  it  is  rejected;  otherwise,  it  is  accept 
ed.  The  program  is  run  for  several  million  such  displacements  and  an  appro- 


priate  selection  of  the  resulting  data  is  utilized  to  evaluate  averages. 

To  implement  this  algorithm  for  a  specific  system  one  needs  to  define  a 
"shape"  which  allows  the  computer  to  determine  whether  or  not  particle 
overlap  has  occurred.  The  implementation  of  the  "physics"  of  the  system 
and  orientations  of  non-spherical  particles  is  being  pursued  and  the  results 
will  be  reported  in  our  future  reports . 

c)  Secondly,  our  effort  was  also  to  have  a  clear  physical  understanding 
of  QCA  used  by  Twersky  and  us .  The  QCA  is  used  to  break  the  heirarchy  of 
equations  for  the  ensemble  average  of  the  field  exciting  a  particular 
scatterer.  As  a  result  only  a  knowledge  of  the  two  particle  correlation 
function  is  required.  In  a  recent  paper  11 ,  we  have  shown  what  type  of 
multiple  scattering  processes  are  included  in  the  QCA  and  which  ones  are 
neglected.  Explicit  improvements  to  the  QCA  are  also  presented.  We  are 
currently  implementing  this  improvement  in  our  numerical  algorithm.  We  have 
also  performed  some  computations  for  various  lossy  and  lossless  dielectric 
scatterers  to  understand  the  effects  of  properties  on  wave  attenuation, see  Figs. 1-8 
We  wish  to  continue  this  work  further  by  studying  the  QCA  and  any  corrections 

to  it  more  closely  so  as  to  understand  why  it  works  as  well  as  it  does . 

d)  Thirdly,  a  general  multiple  scattering  theory  based  on  spatial 

stochastic  system  is  developed  to  study  wave  propagation  in  discrete  random 
media  ’  .  Using  the  concept  of  an  "equivalent  spatial  stochastic  system" 

and  the  joint  probability  distribution  of  scatterers,  a  general  expression 

of  the  space  correlation  function  and  the  intensity  of  the  multiply  scattered 

fields  is  established.  The  intensity  calculations  using  this  method  compare 

with  those  of  Twersky  at  long  wavelengths.  The  method,  however,  seems  to 

lit. 


provide  excellent  comparison  with  experimental  data 


e)  A  propagator  model  was  developed  to  study  coherent  and  incoherent 

k  le 

intensities  of  electromagnetic  wave  propagation  in  discrete  random  media  *  ' 
Lax's  QCA  with  suitable  averaging  techniques  and  the  T-matrix  of  a  single 
scatterer  have  been  employed  in  the  analysis.  Pair  correlation  functions 
generated  by  Monte  Carlo  simulation  have  been  utilized  in  these  computations. 
This  model  also  provides  a  dispersion  equation  which  is  solved  for  both 
phase  velocity  and  coherent  attenuation  as  a  function  of  frequency  for 
various  scatterer  concentrations.  Numerical  results  obtained  show  excellent 
agreement  with  the  experimental  measurements  of  Killey  and  Meeten  ^ .  This 
approach  also  shows  excellent  comparison  with  experimental  data  for  scalar 
problems 

f)  In  addition,  we  have  also  developed  a  hybrid  T-matrix  method  and  a 

QR  factorization  scheme,  which  are  ideally  suited  for  scatterers  of  high 
18-20 

aspect  ratios  ~  .  These  methods  will  enable  us  to  study  scattering  by 

such  objects  as  discs,  long  thin  finite  cylinders,  etc.  We  have  also 

developed  a  finite  element  algorithm  for  handling  arbitrarily  shaped 

21 

inhomogeneous  scatterers  .  Recently,  we  have  formulated  an  efficient 

scheme  which  overcomes  the  Rayleigh  hypothesis  in  the  application  of  the 

.  22 
T-matrix  approach  for  scattering  by  rough  surfaces 

These  additional  efforts  will  eventually  help  us  in  applying  our  various 

multiple  scattering  approaches  to  compare  with  the  actual  field  measurements 

for  various  kinds  of  debris. 

Various  publications  resulting  from  our  investigations  are  enclosed. 
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For  identical  scatterers,  we  obtain 
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where  p(r.  I  r.)  is  the  conditional  probability  distribution  function  and 


<~x  >  .  is  the  conditional  expectation  of  a  with  the  i-th  seatterer  located 

n  1  n 


at  r . 

1 . 


The  average  exciting  field  is  assumed  to  propagate  with  the  wavenumber  K 


of  the  effective  medium.  K  =  K^+iK^  is  a  complex  frequency  dependent  function 


unlike  the  wavenumber  k=co/c  of  the  host  medium.  Thus, 
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when  substituted  into  Eq.  (8)  permits  us  to  evaluate  a  portion  of  the  integral 
for  impenetrable  particles  i.e.,  p(rj  |  ri)=0  if  I  ri  ~  ll.  2a  and 


m  r , 


\  ± ■  cr  t 


(|r.  -  r.  !)  for  |  r.  -  r.|>2a  where  V  is  the  large  volume 


of  the  system  such  that  n^  =  N/V,the  number  density  is  finite.  For  details 


we  refer  to  our  earlier  work  in  Ref.  9>  the  difference  in  this  case  being 

.-N  /S 

k  A  z. 
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If  the  scatterers  are  rotationally  symmetric,  then  the  T-matrices  are 
diagonal  in  the  azimuthal  index,  i.e.  m'  =  m"  .  In  this  case  we  can  assume 


without  loss  of  generality  that  k  is  in  the  x-z  plane  since  there  is  complete 

o 


symmetry  in  the  x-y  plane.  Further  there  is  a  very  simple  relationship 
between  the  dispersion  equations  that  result  for  wave  propagation  with 
polarization  parallel  to  the  x-z  plane  and  perpendicular  to  the  x-z  plane. 
For  this  case  Eq.  (9)  when  substituted  into  (8)  results  in  the  following 


equations  for  the  coefficients  x,  „  and  x„„  : 
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where  denotes  the  center  of  the  i-th  scatterer,  'a'  is  the  radius  of 
the  circumscribing  sphere  and 
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where  and  h^jp  are  Bessel  and  Hankel  functions,  are  normalized 

spherical  harmonics,  k=io/c  is  the  wavenumber,  H  e[o,°°]  and  m  e[o,£],  o=  even 
or  odd. 

Using  the  extended  boundary  condition  method'’  we  can  derive  a  T-matrix 
to  relate  the  unknown  coefficients  ot  and  f  as  follows: 
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where  T1 ,  the  T-matrix  of  the  i-th  scatterer  depends  only  on  the  frequency 
oo  and  the  geometry  and  nature  of  the  scatterer.  It  is  independent  of  the 
direction  of  the  incoming  field  and  the  observation  point. 

Substituting  Eqs.  (3),  (U)  and  (6)  in  (2)  and  using  the  translation 
addition  theorem  for  the  vector  spherical  functions,  we  obtain 
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where  the  abbreviated  index  'n'  represents  the  set  {x,£,m,a},  are  vector 

spherical  harmonics,  A  =rVY,  ,  and  A  =rxA,  and  0  ,  is  the  translation 
r  1  ;.mo  2  1  n  n 

.  Q 

matrix  . 

A  configurational  average  is  performed  in  Eq.  (7)  over  the  random 
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positions  of  the  scatterers  and  the  QCA  is  invoked  in  the  usual  manner  . 


presented  for  aligned  spheroidal  scatterers  as  a  function  of  frequency, 
volume  fraction  of  scatterers  and  the  direction  of  propagation. 


Wave  Propagation  in  Media  with  Aligned  Non-Spherical  Scatterers 

Consider  an  isotropic  medium  chacterized  by  a  refractive  index  J~z 

in  which  aligned  rotationally  symmetric  scatterers  are  randomly  distributed. 

The  rotational  axis  of  symmetry  is  taken  to  be  the  z-axis.  Although  the 

formalism  is  applicable  even  if  there  is  no  rotational  axes  of  symmetry, 

numerical  results  are  presented  only  for  spheroids.  For  the  general  case 

1  2 

we  refer  to  Twersky  ’  for  explicit,  long  wavelength  results.  Plane  harmonic 
waves  of  frequency  oo,  propagate  in  the  direction  k^  5(a,B).  If  t)°,  U<7  and 

uf  specify  the  incident  field,  the  field  exciting  the  i-th  scatterer  and  the 
response  to  this  field  respectively,  then  self-consistency  require  that 
if  there  are  N  scatterers,  the  total  field  Utot  is  given  by 
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The  exciting  and  scattered  field  are  expanded  in  a  basis  of  vector 


spherical  functions  as  follows: 
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INTRODUCTION 

It  is  well  known  that  in  a  medium  with  microstructure  in  the  form 
of  discrete  random  inhomogeneities,  electromagnetic  waves  undergo  attenuation 
as  well  as  dispersion.  If  the  inhomogeneities  are  either  spherically  symmetric 
or  randomly  oriented,  the  medium  is  macroscopically  or  on  the  average  isotropic. 

The  attenuation  and  phase  velocity  are  independent  of  the  direction  of 
propagation.  However,  the  medium  can  be  effectively  anisotropic  if  the 
scatterers  are  non-spherical  and  aligned.  In  this  case  the  propagation 
characteristics  of  the  medium  are  a  function  of  the  angle  with  respect  to 
the  axis  of  alignment  (taken  as  the  z-axis) . 

1  2 

Such  problems  have  been  studied  in  detail  by  Twersky  *  for  both  acoustic 

and  electromagnetic  waves.  He  has  presented  analytical  results  for  elliptical 

cylinders  and  ellipsoids  in  the  long  wavelength  approximation  including  the  effects 

of  the  pair  correlation  function.  The  formulation  that  we  present  is  quite 

3 

similar  but  is  however  more  suited  for  numerical  computations  at  higher 

frequencies  requiring  smaller  matrices  to  yield  convergent  results.  The 

dispersion  equation  that  we  solve  numerically  is  compared  to  that  obtained 

by  Twersky.  Both  treatments  rely  on  the  quasi-crystalline  approximation  (QCA) 

to  break  the  heirarchy  of  equations  for  the  ensemble  average  of  the  field 

exciting  a  particular  scatterer.  As  a  result  only  a  knowledge  of  the  two 

4 

particle  correlation  function  is  required.  In  a  recent  report  we  have 
shown  what  type  of  multiple  scattering  processes  are  included  in  the  QCA 
and  which  ones  are  neglected.  The  response  of  a  single  scatterer  to  the  field 
exciting  it  is  characterized  by  a  T-matrix.  The  T-matrix  is  numerically 
generated  in  a  basis  of  vector  spherical  functions  using  Waterman's  extended 
boundary  condition  method^’ **.  Earlier  work  using  this  general  scheme  was 
restricted  to  randomly  oriented  non-spherical  scatterers  or  for  wave  propagation 
restricted  to  the  alignment  axis^’ ^ ^ .  Numerical  results  are 
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ABSTRACT 

Electromagnetic  wave  propagation  in  a  medium  containing  a  random 
distribution  of  aligned,  pair-correlated  non-spherical  scatterers  is  studied 
using  the  T-matrix  to  characterize  the  single  scatterer  response,  the  quasi¬ 
crystalline  approximation  and  the  two  point  pair  correlation  function.  The 
resulting  dispersion  equation  for  the  average  medium  is  numerically  solved 
as  a  function  of  frequency  and  the  direction  of  propagation.  Numerical  results 
are  presented  for  the  attenuation  of  electromagnetic  waves  versus  frequency, 
concentration  and  direction  of  propagation. 
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The  four  quantities  B  ,  B  ,  B  B  are  vestiges  of  the 

translation  matrix  after  the  angular  and  radial  parts  have  been  absorbed 
in  the  integration.  Expressions  for  them  may  be  found  in  terms  of  the 
Wigner  coefficients  and  are  given  below 
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Equations  (10a)  and  (10b)  may  be  written  in  vector  matrix  notation  in 


the  form 


X.  =  M. ,  X, 
i  lj  J 

The  dispersion  equation  for  the  effective  medium  then  becomes 


S  -  K,  k„)|  .  0 


where  itself  is  an  infinite  matrix  for  each  i,j.  The  determinantal 
equation  must  be  solved  numerically  using  suitable  forms  of  the  pair  correlation 

A 

function  g(x),  for  given  co,  k  ,  n  and  T.  It  is  seen  that  the  solution  will 


depend  explicitly  on  the  direction  of  wave  propagation  kQ,  rendering  the 
medium  effectively  anisotropic. 


Relationship  to  Twersky' s  Dispersion  Equation 

1  2 

In  a  series  of  papers,  Twersky  ’  has  derived  the  dispersion  equation 
invoking  the  quasi-crystalline  approximation  and  including  the  effects  of 
pair  correlation  for  both  acoustic  and  electromagnetic  wave  propagation  in 
pair  correlated  random  distributions  of  aligned  scatterers.  For  spherically 
symmetric  statistics,  i.e.  requiring  a  spherical  excluded  volume  even  for 

2 

non-sphencal  scatterers,  we  can  show  that  the  dispersion  derived  by  Twersky 
is  identical  to  Eqs.  (10a)  and  (10b)  when  the  scattered  field  is  written  as 
an  expansion  in  vector  spherical  harmonics. 

In  Ref.  2,  Eq.  (8l),  the  dispersion  equation  for  electromagnetic  wave 
propagation  in  aligned,  random  distributions  is  given  as 


c 

nm 


/UV 


and 


B 

nm 


(17a) 


(17b) 


where  in  our  notation 
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is  the  T-matrix  of  an  individual  scatterer  and  the  two  symbols  and 

(Sf  are  related  to  the  Fourier  transform  of  the  product  of  the  pair  correlation 

function  and  the  translation  matrix  as  in  Eq.  (8). 

In  the  notation  of  the  present  paper  and  the  abbreviated  index  notation 
we  may  write  Twersky's  equation,  Eqs.  (lTa,b)  in  the  form 
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We  note  that  Eqs.  (lOa,b)  may  be  multiplied  from  the  left  by  the  T-matrix, 
so  that  the  dispersion  equation  is  in  terms  of  the  average  scattered  field 


coefficients  rather  than  the  exciting  field.  Then  using  <f^  ~  <f^  >  =  X 


iKk 

ne 


we  can  rewrite  the  dispersion  equation  in  the  form 
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We  further  note  that  using  the  integral  representation  of  the  vector  spherical 
functions  the  translation  matrix  can  be  written  in  the  form 
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where  c±  are  the  contours 
■+ 

Further  A  =  A  „  are  the  vector  spherical  harmonics,  rVYn  „  for  x=l  and 
n  x£mO  mo 

-y 

-rxVY^mo  for  x=2.using  the  properties  of  the  scalar  products  of  vector 

2 

spherical  harmonics  of  the  same  argument  as  given  for  example  by  Twersky  , 
Eq.  (77),  we  can  show  that 


.  i  K  k0.T 

J  rnn'<k*>  e  ^'*0  d*  = 


(21) 


as  defined  in  Eq.  (80)  of  Ref .2  so  that  the  dispersion  equation  derived  here  is 
identical  to  that  of  Twersky. 
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Results  and  Discussion 

The  dispersion  equation  (l6)  was  programmed  on  an  IBM  370.  The  main 
parts  of  the  program  consist  of  subroutines  that  a)  generate  the  T-matrix 
for  a  given  oj  and  shape  of  scatterer,  b)  set  up  the  matrix  6  -  , 

c)  special  function  programs  d)  determinant  solver  e)  complex  root  finder 
based  on  Muellers  Method  and  a  main  program  that  specifies  the  parameters 

A 

u),  n  ,  a,  k  and  the  shape  and  nature  of  the  scatterer.  The  root  finder 
o  o 

returns  the  value  of  K  =  K,  +  i  that  renders  1 6 .  .  -  M. .  I  =  o.  This  is 

1  2  1  lj  ij  1 

then  the  complex,  frequency  dependent  effective  wavenumber  of  the  medium. 
Although  simple  relations  exist  between  the  dispersion  equations  for  parallel 
and  perpendicular  polarization,  the  resulting  wavenumbers  and  K"*"  are 
in  general  different. 

The  truncation  size  of  both  T  and  M  is  varied  till  convergence  is  obtained. 

/s  a 

The  computation  is  more  time  consuming  than  for  the  case  when  kQ  *  z  because 

an  additional  summation  on  the  azimuthal  index  is  involved  i.e.,  the  azimuthal 

modes  are  no  longer  uncoupled.  This  involves  the  storage  of  fairly  large 

matrices.  Typical  computation  times  for  an  oblate  spheroidal  dielectric 

1  A 

scatterer  of  aspect  ratio  2:1  with  e  r3.i6*«n<i  £  for  a  given  to,  n  and  k  is  60 

r  loo 

S«cs  after  the  program  has  been  tested  for  the  correct  matrix  size. 

We  now  present  results  in  the  form  of  plots  of  K  ,  Kn  and  <£>  =  e  +  i  eT, 

1  d  n  1 

the  real  and  imaginary  parts  of  the  effective  dielectric  constant  as  a  function 
of  k  a=  oj  a/c ,  £  (a,  8=0)  and  c  =  n^  Utt  a/ 3  where  'a'  is  the  semi-major 

axis  of  the  oblate  spheroid  of  aspect  ratio  2:1,  and  1.25:1.  We  recall 
that  <€>  =  K^/k^. 

In  Fig.  1,  the  phase  velocity  Re(k/K)  is  plotted  as  a  function  of 
frequency  for  both  parallel  and  perpendicular  polarization  for  a  =  58.3°  and 
c  =  0.  21.  There  is  approximately  2%  difference  between  the  two  cases  except 


at  ka  -v  1.7  when  a  cross-over  occurs.  In  Fig.  2,  the  attenuation  given  by 
Im(K/k)  is  plotted  as  a  function  of  ka  for  both  parallel  and  perpendicular 
polarization  for  a  =  58.3°  and  c=0.21.  There  is  approximately  2%  difference 
between  the  two  cases  except  at  ka  ~  1.7  when  a  cross-over  occurs.  In  Fig. 

2,  the  attenuation  given  by  Im  (K/k)  is  plotted  as  a  function  of  ka  for 
both  parallel  and  perpendicular  polarization  for  a  =  58.3°  and  c=0.21.  Also 
included  in  the  figure  is  the  attenuation  for  ot=0  and  aspect  ratio  1.25:1. 

In  Figs.  3  and  U  the  attenuation  is  plotted  as  a  function  of  a  varying  from 
0°  to  90°.  The  attenuation  is  a  slowly  varying  function  of  a  and  is  maximum 
for  a=0°.  In  Fig.  5,  the  attenuation  and  Re<e>  are  plotted  as  a  function  of 
angle  a  for  parallel  polarization,  c=0.052and  ka=0.05  for  an  aspect  ratio 
1.25:1.  In  Fig.  6,  the  real  part  of  <£>  is  plotted  as  a  function  of  frequency 
(ka)  for  several  cases.  The  phase  velocity  for  a=0°  and  a:b  =  1.25:1  is 
significantly  higher  than  the  other  three  cases  considered. 

In  Fig.  7,  the  complex  plane  plot  of  the  effective  dielectric  constant 
is  plotted  for  both  parallel  and  perpendicular  polarization  for  a/b  =2.0 
and  should  be  compared  with  Fig.  8  for  a/b  =1.25.  In  Fig.  9,  the  complex 
plane  plots  of  <e>  are  shown  for  a=58.3°  for  parallel  and  perpendicular 
polarization.  Figure  10  shows  the  comparison  of  our  results  with  those  by  other  methods. 

In  conclusion,  we  have  demonstrated  a  scheme  for  computing  the  complex 
propagation  characteristic's  of  a  medium  that  is  effectively  anisotropic. 

Although,  the  effects  are  not  dramatic,  there  is  significant  (measurable) 
difference  between  the  results  for  parallel  and  perpendicular  polarization.  The 
effect  of  polarization  is  more  significant  than  that  of  propagation  direction. 

Finally  we  have  also  discussed  how  our  dispersion  equation  for  a  medium 
with  pair  correlated  aligned  scatterers  compares  with  Twersky's  equation 


for  the  same  system. 
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FIGURE  CAPTIONS 

Fig.  1  Plot  of  phase  velocity  vercus  normalized  wavenumber  for  a 

o 

distribution  of  aligned  spheroids  for  wave  propagation  at  a  =  58.3 
for  both  parallel  and  perpendular  polarization  of  the  waves. 

Fig.  2  Plot  of  attenuation  versus  normalized  wavenumber  for  a  distribution 

O  o 

of  aligned  spheroids  for  wave  propagation  at  a  *  58.3  and  a  =  0. 

Fig.  3  Plot  of  attenuation  versus  direction  of  wave  propagation  for 
aligned  spheroids,  parallel  polarization. 

Fig.  4  Plot  of  attenuation  versus  direction  of  wave  propagation  for 
aligned  spheroids,  perpendular  polarization. 

Fig.  5  Plot  of  attenuation  and  the  real  part  of  the  dielectric  constant 
of  wave  propagation  in  aligned  spheroids. 

Fig.  6  Plot  of  the  real  part  of  the  dielectric  constant  versus  normalized 
wavenumber  for  aligned  and  randomly  oriented  spheroids. 

Fig.  7  Complex  plane  plot  of  the  dielectric  constant  at  different  frequencies 
for  aligned  and  randomly  oriented  spheroids. 

Fig.  8  Complex  plane  plot  of  the  dielectric  constant  at  different  frequencies 
for  aligned  spheroids. 

Fig.  9  Complex  plane  plot  of  the  dielectric  constant  at  different  frequencies 
for  aligned  spheroids. 


Fig.  10  Comparison  of  our  results  with  those  by  other  methods  at  ka  =  0.05 


a  =  58.3, 
C  =  0.21  , 

a/b  =  2.o. 


ll  Polarization 
1  Polarization 


a  =0°, 


C  =  0.2I,  1  Polarization 
a/b  =  i.25. 


functions  (Hankel  functions)  and  functions  regular  at  the  origin  (Bessel 
functions).  We  dispense  with  vector  notation  and  the  abbreviated  index 
may  denote  n  -*>  T,l,m,a;  t  =  1,2,3;£  e[o,°°];  m  £  [o,£].  Thus  the  present 
discussion  can  apply  equally  well  to  acoustic  (t=1  only),  electromagnetic 
(t=2,3  only)  or  elastic  (t=1,2,3)  wave  propagation. 

At  a  field  point  r  in  the  host  medium,  the  incident,  scattered  and 
exciting  fields  are  expanded  as  follows. 


u  (r)  =  Z  a  Re  ip  (r) 
n  n 


(3) 


with  for  example 


a  =  i  ^  Y0  (£ 
n  x-mo  o 


(b) 


for  plane  acoustic  waves  propagating  along  JcQ  and  are  spherical  harmonics; 


u?  (r)  =  Z  a1  Re  ip  (r-r.  );  I  r-r.  I  <  2a 
i  n  n  n  l  1  l  ' 


(5) 


and 


u.  (r)=Z  r  ou  'J;  r  -  r.  ;  r-r.  >  2a 
i  n  n  n  i  1  i 


(6) 


where  r^  denotes  the  center  of  the  i-th  scatterer,  and  'a'  is  the  radius  of 


i  i 

the  sphere  circumscribing  any  scatterer.  The  coefficients  f  and  *  are 

n  n 


unknown  but  are  however  related  via  the  T-matrix,  which  can  be  numerically 


calculated  for  scatterers  of  arbitrary  shape  using  Waterman's  extended  boundary 


condition  method 
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Thus , 


f  =  Z  ,  T 


a 


n  n  nn  n 
where  we  have  assumed  that  all  scatterers  are  identical. 


(T) 


Substituting  Eqs.  (5)  -  (T)  in  (2)  and  using  the  translation-addition 


theorems  for  spherical  wavefunctions  and  the  orthogonality  properties  of 

13 


spherical  harmonics 


we  obtain 


1 


INTRODUCTION 

Studies  of  wave  propagation  in  discrete  random  media  is  of  interest  in 

acoustics,  elastodynamics  and  electromagnetics  and  dates  back  to  the  studies  of 

Rayleigh.  In  more  recent  times  Foldy2,  Lax1,  Twersky^  10 ,  Vezzetti  and 
11  12 

Keller  and  Bedeaux  and  Mazur  have  made  significant  contributions  to 

13-17 

our  understanding  in  this  area.  Computational  techniques  that  have 

been  developed  to  solve  the  dispersion  equation  in  dense  random  media  at 
wavelengths  comparable  to  scatterer  size,  are  for  the  most  part  based  on 
Refs.  1-12. 


THE  QUASI-CRYSTALLINE  APPROXIMATION 

Consider  wave  propagation  in  an  infinite  medium  of  volume  V  -*•  00  containing 

a  random  distribution  of  N  scatterers,  N  -*•  00  such  that  n  =  N/V,  the  number 

o 

density  is  finite.  Plane  harmonic  waves  of  frequency  ui  propagate  in  the 
medium  and  undergo  multiple  scattering.  Let  ut0t,  u°,  u^  and  uf  denote 
respectively  the  total  field,  the  incident  field,  the  field  exciting  the  i-th 
scatterer  and  the  field  scattered  by  the  i-th  scatterer.  Then  self  consistency 
requires  the  following  relationships  between  the  fields. 


tut 

u 


o 


u 


N 

+  I 


i=l 


s 

u. 

i 


and 


e 

u. 

l 


o 

=  u 


+  T. 

iH 


s 

u . 


J 


(1) 


(2) 
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Although  a  general  dispersion  equation  can  be  derived  as  in  Twersky  ,  • 
in  order  to  obtain  explicit  results  for  particular  shapes  of  scatterers,  'one 
has  to  expand  the  exciting  and  scattered  fields  in  a  convenient  set  of  basis 
functions,  such  as  spherical  wave funct ions .  Let  generally  denote  outgoing 
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ABSTRACT 


The  Quasi  Crystalline  Approximation  (QCA)  was  first  introduced  by 


Lax  to  break  the  infinite  heirarchy  of  equations  that  results  in  studies 
of  the  coherent  field  in  discrete  random  media.  It  simply  states  that  the 
conditional  average  of  a  field  with  the  position  of  one  scatterer  held 


fixed  is  equal  to  the  conditional  average  with  two  scatterers  held  fixed 


i.e.  =  The  QCA  has  met  with  great  success^  for  a  range  of 


concentrations  from  sparse  to  dense  and  for  long  and  intermediate  wavelengths. 
In  this  paper,  the  QCA  is  interpreted  as  a  partial  resummation  of  the  multiple 
scattering  series  that  includes  only  two  body  correlations.  An  explicit 
expression  is  derived  for  the  propagation  in  such  a  medium  that  yields 
the  same  dispersion  equation  as  obtained  using  the  QCA.  Improvements 


to  the  QCA  are  suggested  that  still  require  only  a  knowledge  of  the  two 
body  correlation  function. 
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Fig.  4.  Same  as  in  Figure  3  for  alb  «  2.0. 

fact,  the  results  of  random  orientation  lie  in  between 
0  =  0°  and  90°,  and  the  same  trend  has  been  ob¬ 
served  before  by  the  authors  in  the  elastic  wave  case 
[see  V aradan  and  Varadan.  1980]. 

In  Figures  3  and  4,  average  complex  frequency  de¬ 
pendent  dielectric  properties  are  presented  for  c  =  0.2 
for  both  aligned  scatterers  (0  =  0°  for  an  incident 
wave  with  vertical  polarization)  and  randomly  ori¬ 
ented  scatterers.  The  results  indicate  that  the  real 


part  of  dielectric  constant  (Re  c*)  is  always  less  in  the 
case  of  random  orientation  for  the  frequency  range 
considered.  At  higher  frequencies,  there  is  a  remark¬ 
able  difference  in  the  behavior  of  dielectric  properties 
as  depicted  by  Figures  3  and  4. 

Acknowledgments.  This  work  was  supported  by  the  US  Arms 
Research  Office  under  contract  DAAG29-83-K-0097  Many  help¬ 
ful  discussions  with  W  A.  Flood.  C.  S  Brown  and  V.  N.  Bringi 
are  gratefully  acknowledged. 

REFERENCES 

Brtngi,  V.  N..  V.  V.  Varadan.  and  V.  K.  Varadan.  The  effects  of 
pair  correlation  function  on  coherent  wave  attenuation  in  dis¬ 
crete  random  media.  IEEE  Trans.  Antennas  Propat/..  AP-J0. 
80S-808.  1982a. 

Brtngi.  V.  N..  V.  K.  Varadan.  and  V.  V.  Varadan.  Coherent  wave 
attenuation  by  a  random  distribution  of  particles.  Radio  Sc:..  /*. 
946-952.  1982b. 

Cruzan,  O.  R..  Translational  addition  theorems  for  spherical 
vector  wave  equations.  Q.  Appl.  Math..  20.  30-39.  1962. 

Edmonds.  A.  R..  Angular  Momentum  in  Quantum  Mechanics. 

Princeton  University  Press.  Princeton.  N.  J.,  1957 
Ishtmaru.  A.,  and  Y.  Kuga,  Attenuation  constant  of  coherent  field 
in  dense  distribution  of  particles.  J.  Opt.  Soc.  Am..  721101.  131*- 
1320.  1982. 

Tsang.  L..  and  J.  A.  Kong.  Scattering  of  electromagnetic  waves 
from  a  half  space  of  densely  distributed  dielectric  scatterers. 
Radio  Set..  18(6).  1260-1272.  1983. 

Twersky.  V..  Coherent  electromagnetic  waves  in  pair-correlated 
random  distributions  of  aligned  scatterers.  J.  Math.  Phvs..  19. 
215-230.  1978. 

Twersky,  V..  Multiple  scattering  of  sound  by  correlated  mono- 
layers.  J.  Acoust.  Soc.  Am..  *3(1).  68-84.  1983. 

Varadan,  V.  K.,  and  V.  V.  Varadan  (Eds.).  Acoustic.  Electro¬ 
magnetic  and  Elastic  Wace  Scattering — Focus  on  the  T-Matri.x 
Approach.  Pergamon.  New  York.  1980. 

Varadan,  V.  K..  and  V.  N.  Bnngi.  and  V.  V.  Varadan.  Coherent 
electromagnetic  wave  propagation  through  randomly  distrib¬ 
uted  dielectric  scatterers.  Phvs.  Rev.  D.  19.  2480-2489.  1979. 
Varadan,  V.  K..  V.  N.  Bringi.  V  V  Varadan.  and  A.  Ishimaru. 
Multiple'scattenng  theory  for  waves  in  discrete  random  media 
and  comparison  with  experiments.  Radio  Set..  Mi 31.  321-32*. 
1983. 


Y.  Ma.  V.  K.  Varadan.  and  V.  V.  Varadan.  Wave  Propagation 
Laboratory.  Department  of  Engineering  Science  and  Mechanics. 
Pennsylvania  State  University.  University  Park.  PA  16802. 


1448 


VARADAN  ET  AL.:  COHERENT  WAVES 


Fig.  2.  Coherent  attenuation  vs.  ka  for  spheroidal  ice  particles: 
solid  lines  parallel  orientation,  dashed  line,  random  orientation: 
alb  »  2.0  (c  is  the  effective  spherical  concentration). 

differentiation  with  respect  to  the  argument.  The  ex¬ 
pressions  for  a  and  b  occurring  in  (14)  are  related  to 
the  Wigner  3-j  symbols  and  are  given  by  Cruzan 
[1962].  Now  the  singular  value  of  the  coefficient 
matrix  generated  from  (14)  can  be  solved  for  the 
average  propagation  constant  K  =  K ,  +  jK2.  The 
real  part  K,  is  related  to  the  phase  velocity  while  the 
imaginary  part  K2  is  related  to  the  coherent  attenu¬ 
ation.  Once  K  is  known,  one  can  also  compute  the 
normalized  average  complex  dielectric  constant  as 
given  by 

r*  =  e*'  +  je.r  =.  {K,k)2  (16) 

COMPUTATION 

The  procedure  for  computing  coherent  attenu¬ 
ation.  phase  velocity  and  average  complex  dielectric 
properties  is  similar  to  the  one  presented  by  Varadan 
and  Varadan  [1980].  For  a  given  value  of  ka,  the 
T-matrix  of  the  scatterer  is  computed.  A  proper,  T- 
matrix  size  is  chosen  for  a  given  ka  to  satisfy  the 
unitary  and  symmetry  properties.  Retaining  as  many 
as  20  simultaneous  equations  for  Y  and  Z  in  order  to 
obtain  proper  convergence,  we  computed  the  com¬ 
plex  determinant  of  the  coefficient  matrix  corre¬ 
sponding  to  Y  and  Z  of  (14a)  and  (146).  The  roots 
IK  =  AC ,  +  tK2)  of  the  resulting  transcendental  equa¬ 
tion  are  obtained  by  Muller  s  complex  root  searching 


algorithm.  We  start  from  a  low  value  of  ka(  =0.01) 
for  which  the  values  obtained  from  Twersky  [1978] 
are  used  in  our  root  searching  algorithm.  The  values 
of  ka  are  increased  by  small  increments  of  the  order 
of  0.05. 

For  illustration  purposes,  we  have  presented 
sample  calculations  only  for  concentration  c  =  0.2. 
The  c  refers  to  the  effective  spherical  concentration; 
actual  oblate  spheroidal  concentration  equals  to  0.1 
for  an  aspect  ratio  a/b  =  2.0.  In  Figures  1  and  2.  the 
coherent  attenuation  is  plotted  as  a  function  of  ka  for 
oblate  spheroidal  ice  particles  in  free  space  with 
a/b  =  1.25  and  2.0,  respectively.  The  solid  curve  cor¬ 
responds  to  that  of  aligned  scatterers  when  the  inci¬ 
dent  wave  with  vertical  polarization  is  along  the 
symmetry  (minor)  axis  of  the  scatterer  (0  -  0°),  while 
the  dotted  curve  corresponds  to  that  of  randomly 
oriented  scatterers.  At  higher  frequencies,  the  results 
indicate  that  there  is  a  significant  difference  in  coher¬ 
ent  attenuation  between  aligned  and  randomly  ori¬ 
ented  scatterers.  For  vertical  polarizations,  one  could 
also  perform  computations  when  the  wave  is  incident 
along  symmetry  (major)  axes  of  aligned  scatterers 
(0  -  90°).  The  corresponding  attenuation  in  this  case 
is  lower  than  that  of  the  randomly  oriented  case.  In 


I  22  1-24  1-26  i-2S  130  i  32  1 34 


Re  e? 

Fig,  3.  Complex  plane  locus  of  the  effective  dielectric  constant 
for  a  system  of  spheroidal  (a  h  =  1.25)  ice  particles  solid  lines 
parallel  onentation:  dashed  line,  random  onentnion  u  is  the  ef¬ 
fective  spherical  concentration*. 
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Thus,  the  actual  concentration  may  be  quite  different 
from  the  effective  spherical  concentration  for  scat¬ 
tered  of  large  aspect  ratio.  For  an  exact  calculation 
of  a  very  dense  system,  assumption  of  spherical  sta¬ 
tistics  for  nonspherical  particles  may  lead  to  con¬ 
siderable  error.  Twer  sky  [1983]  has  considered  non¬ 
spherical  statistics  for  spheroidal  scattered  in  the 
sparse  concentration  limit.  Extending  this  model  to 
dense  systems  and  numerically  implementing  it  for 
high  frequencies  will  be  a  problem  of  interest  to  the 
research  community. 

Performing  the  configurational  averaging  and  in¬ 
voking  the  quasi-crystalline  approximation  as  out¬ 
lined  in  Twersky  [1978]  and  Varadan  et  al.  [1979, 
1980],  we  obtain  the  average  scattered  field  coef¬ 
ficients  as  follows: 


r<r*>  < r'*>i {■«_,>' 
<CL>J  L <T2,>  <r2J>JL<*U>. 


(10) 


where 


2„  r  1  gik-ti 

t  i  f 

V  jm  1  ■  0  (■]•-«!  JV' 

+  <Ciw>Q:^r(  -  tj  (111 


and 


^XniM|  ) 


2nx  +  1 
n,("i  +  1) 


—  [^.,.1  +  "i(«i  +  ltf„,.-i] 


+  T?i‘  i  I  f  -  r,l 

y  j  *  1  “  0  Mim  -  mi  JV' 

+  <Cil„l>B;j;;(ri  -  r,)]^!  r,  -  r,  |)  drj  (12) 


In  (11)  and  (12),  V'  denotes  the  volume  of  the 
medium  excluding  a  sphere  of  radius  2a.  For  identi¬ 
cal  scattered,  Yj=\  —  N  -  l  and  4ti (N  -  l)a3/3K  = 
c,  the  volume  concentration  of  “scattered,”  provided 
N  is  large  enough. 

To  find  the  average  propagation  constant  K  for 
the  bulk  medium,  we  assume  a  plane  wave  propagat¬ 
ing  with  the  effective  wave  number  K  in  the  incident 
wave  direction  with  unknown  amplitudes  Y  and  Z : 


Fig.  1.  Coherent  attenuation  vs.  ka  for  spheroidal  ice  particles: 
solid  line,  parallel  orientation;  dashed  lines  random  orientation. 
alb  -  1.25. 


The  resulting  equations  are 

«l4’»2  *  X) 
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and 


•  (14h) 

where  (I4/>)  can  be  obtained  from  (14a)  by  replacing 
<T“>  and  <T12>  by  <T2I>  and  <T22>.  respectively. 
The  term  [JH\  is  given  by 

UH\  =*  ^fl|2  _  C— *e,/«(2ACa)/r<r(2fca) 


<BL> .  =  -  2Kah  {2ka)j'(2Ka)] 

(13) 

<c;m>(  -  f' 

+  24c  x2[g{x)  -  \]ht{2kax))j2Kax)  (lx  (15) 

Equation  (13)  is  substituted  into  (10)  and  the  extinc- 

tion  theorem  can  be  invoked  to  cancel  the  incident  In  (14)  and  (!5).y,  and  hq  are  the  spherical  Bessel  and 
wave  term  on  the  right-hand  side  of  (II)  and  (12).  Hankel  functions,  respectively,  and  the  primes  denote 
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we  obtain,  see  Varadan  et  al.  [1979]  and  Varadan 
and  Varadan  [1980], 

,  2n  +  1  e,v,‘ 

b?"  =  - - -  r  —  [«*„.,  +«n+  ltf... ,] 

n(n  +  1)  2i 

+  f  f  I  -  r,) 

J*  1  «l  *0  M|  -  -*t 

+  C:t,0’Ci-( r,  -  ry)]  (2) 

2n  +  1  e*  " 

cT"  =  - - -  «’  —  [<5..,  + 

n(n  +  l)  2i 


+  f  £  I 

1  ai  »0  a>i  »  -»t 

+  -  ry)]  (3) 

where  £'  denotes  j  #  /,  is  the  Kronecker  delta, 
and  fc  is  the  wave  number  of  the  host  medium.  B  and 
C  are  the  scattered  held  coefficients,  while  b  and  c  are 
the  exciting  held  coefficients.  The  quantities  B£J"‘ 
and  C^"‘  are  the  functions  resulting  from  the  trans¬ 
lation  theorem  of  the  vector  spherical  functions. 

We  introduce  next  the  T-matrix  of  a  single  scat- 
terer  which  relates  the  scattered  held  expansion  coef¬ 
ficients  to  the  exciting  held  expansion  coefficients  as 
follows  [ Varadan  and  Varadan,  1980]: 


For  aligned  scatterers,  if  the  T-matrix  is  computed 
with  respect  to  xyz  axes,  then  the  T -matrix  of  all  the 
N  scatterers  is  the  same.  However,  if  the  orientation 
of  each  scatterer  with  respect  to  the  xyz  axes  is  de¬ 
fined  by  the  Euler  angles  a,,  fi(,  yit  then  the  T-matrix 
of  the  ith  scatterer  is  a  function  of  the  Euler  angles 
and  is  dehned  by 


T  =  DtD~l 


(5) 


Here,  t  is  the  T-matrix  of  a  scatterer  evaluated  with 
respect  to  the  set  of  coordinate  axes  natural  to  the 
scatterer  [XYZ  axes)  and  is  independent  of  position 
and  orientation  (hence,  the  same  for  identical  scat¬ 
terers)  and  D  is  the  rotation  matrix  given  by  Edmonds 
[1957],  i.e.. 


D*„,.(a.  p,  •/)  =  e‘~dlJP)e‘’ 


(6) 


where 


r<rt  +  ro)!(*-m)!T'Y  p\m~" 

H) 

(sinU  P,;-T  "*"’<cos  p) 


(7) 


In  (7),  P  is  the  Jacobi  polynomial  which  can  be  ex¬ 
pressed  in  terms  of  the  associated  Legendre  poly¬ 
nomials  [see  Edmonds,  1957], 

The  T-matrix  averaged  over  all  possible  orienta¬ 
tions  of  the  scatterer  may  then  be  written  as 


<T _ >  -  ^  £*  <fy  j’dp  sin  p 

-  I  ft  y)t-,.,r,,(D  -  %„(*  p.  >•>] 


1 


2n  +  1 


(8) 


If  (2)  and  (3)  are  multiplied  by  <T>  from  (8),  we 
obtain  a  set  of  coupled  equations  for  the  scattered 
field  expansion  coefficients  which  are  averaged  over 
all  possible  orientations. 

Thus,  only  the  diagonal  elements  of  the  T-matrix 
of  a  nonspherical  scatterer  contribute  to  the  average 
T-matrix.  This  has  also  been  observed  by  Twerskv 
[1978].  We  note  here  that  although  the  scatterers  are 
nonspherical.  because  of  their  random  orientations, 
the  medium  is  effectively  isotropic  and  is  hence 
characterized  by  an  isotropic  dielectric  tensor. 

It  remains  now  to  perform  an  average  over  all 
possible  positions.  To  this  end,  one  can  introduce  a 
probability  density  function  of  finding  the  first  scat¬ 
terer  at  r„  the  second  scatterer  at  r2,  and  so  forth  by 
pfrt,  r2,  •  • ,  rv)  which  in  turn  may  be  expressed  in 
terms  of  conditional  probability,  p(ry|r,),  of  finding  a 
scatterer  at  ry  if  a  scatterer  is  known  to  be  at  r, .  The 
two  point  joint  probability  function  p(ry|rj)  is  in  turn 
defined  in  terms  of  radial  distribution  function 
g(\tj  -  r(|)  as  follows: 

I 

Pfry|r,)  =  —  s/fir,  -  r(|)  |r>-rl|a2u 


0  |  tj  -  r,  |  <  2a  (9) 

Here.  V  is  the  large  but  finite  volume  occupied  by  the 
scatterers  and  2 a  is  the  largest  dimension  of  the  scat¬ 
terer.  Several  models  of  y(r)  are  available  and  are 
briefly  outlined  in  Varadan  et  al.  [1983].  The  radial 
distribution  functions  obtained  by  using  the  self- 
consistent  approximation  which  is  a  linear  combi¬ 
nation  of  the  Percus-Yevick  and  Hypernetted  Chain 
approximations  seem  to  be  good  for  a  wide  range  of 
concentrations,  and  are  also  used  in  our  compu¬ 
tations  here.  It  must  be  noted  here,  that  our  model 
assumes  that  although  the  particles  are  nonspherical 
with  respect  to  an  incident  wave,  statistically  each 
particle  is  equivalent  to  a  sphere  of  diameter  equal  to 
the  largest  diameter  of  the  nonspherical  particle. 


Radio  Science,  Volume  19,  Number  6,  Pages  1445-1449,  November-December  1984 


Coherent  electromagnetic  wave  propagation  through  randomly  distributed 
and  oriented  pair-correlated  dielectric  scatterers 

V.  K.  Varadan,  Y.  Ma,  and  V.  V.  Varadan 

Wave  Propagation  Laboratory.  Department  of  Engineering  Science  and  Mechanics 
Pennsylvania  State  University,  University  Park,  Pennsylvania 

(Received  February  14.  1984;  revised  May  31,  1984;  accepted  May  31,  1984.) 


Coherent  attenuation  of  electromagnetic  waves  by  randomly  distributed  and  oriented  pair-correlated 
dielectric  scatterers  is  studied  as  a  function  of  frequency  and  volume  concentration  of  scatterers. 
Average  frequency  dependent  dielectric  properties  are  also  studied.  The  results  indicate  that  the  attenu¬ 
ation  and  hence  the  effective  properties  differ  considerably  from  those  of  aligned  scatterers. 


INTRODUCTION 

In  our  earlier  papers  Bringi  et  al.  [1982a,  bj,  a 
multiple  scattering  formalism  was  given  for  the  scat¬ 
tering  and  propagation  of  vector  electromagnetic 
waves  in  a  medium  containing  three-dimensional, 
identical,  dielectric  scatterers  randomly  distributed 
but  having  a  single  preferred  orientation  (aligned 
scatters).  The  extended  integral  equation  or  T-matrix 
method  developed  by  Waterman  (see  for  example 
Varadan  and  Varadan  [1980]),  in  conjunction  with 
suitable  statistical  averaging  procedures  and  pair- 
correlation  functions  had  been  employed  in  such  a 
study.  Analytical  dispersion  relations  were  obtained 
at  low  frequencies  in  terms  of  the  T-matrix  of  a 
single  scatterer.  At  higher  frequencies,  numerical 
values  of  coherent  attenuation  and  complex  effective 
dielectric  properties  were  presented  for  spheroidal 
scatterers  for  various  concentrations  when  the  inci¬ 
dent  wave  propagated  parallel  to  the  minor  axis  of 
the  scatterers.  The  computed  results  were  found  to  be 
in  good  agreement  with  experimental  findings  of  Ishi- 
maru  and  Kuga  [1982]  as  depicted  in  our  paper 
[Varadan  et  al.,  1983].  We  also  cite  the  work  of 
Tsang  and  Kong  [1983]  who  have  used  exactly  the 
same  forme1  ,itn  for  spherical  scatterers. 

In  this  paper,  we  extend  the  treatment  to  randomly 
oriented  pair-correlated  scatterers.  For  randomly  dis¬ 
tributed  and  oriented  scatterers,  two  averages  have 
to  be  performed,  an  ensemble  average  over  the  posi¬ 
tions  of  the  scatterers  and  the  second  an  average  on 
the  T-matrix  of  a  scatterer  over  orientations.  Coher- 

Copyright  1984  by  the  American  Geophysical  Union. 

Paper  number  4S0970. 

0048-M04  84  004S-0970S08.00 


ent  attenuation  is  studied  for  dielectric  scatterers  m 
free  space  for  different  scatterer  concentrations  and 
range  of  frequencies.  The  results  are  compared  with 
those  obtained  for  aligned  scatterers.  At  higher  fre¬ 
quencies,  the  results  indicate  that  there  is  a  signifi¬ 
cant  difference  in  phase  velocity  and  attenuation  be 
tween  aligned  and  randomly  oriented  scatterers. 
Average  frequency  dependent  properties  are  also  pre¬ 
sented  in  this  study. 

OUTLINE  OF  THEORY 

Consider  an  incident  electromagnetic  wave  propa¬ 
gating  along  ;  direction  in  an  infinite  lossless,  back¬ 
ground  (host)  medium  of  £m,  g0  containing  a  random 
distribution  of  identical  randomly  oriented  .V 
number  of  dielectric  nonspherical  scatterers  of  e, 
which  are  referred  to  a  Cartesian  coordinate  system 
xyz.  Let  XYZ  be  the  set  of  coordinate  axes  natural 
to  the  scatterer.  For  spheroidal  scatterers,  for  exam¬ 
ple.  the  XYZ  axes  coincide  with  the  symmetry  axes 
of  the  spheroid. 

The  total  electric  field  at  any  point  in  the  host 
medium  is  the  sum  of  incident  field  and  the  fields 
scattered  by  all  the  scatterers.  The  field  that  excites  a 
given  scatterer,  (say.  the  ith  scatterer).  Ef .  however,  is 
the  incident  field.  E'nc.  plus  the  fields  scattered  from 
all  the  other  scatterers.  E*: 

V 

E'lrl  =  E'"‘(rl  +  ^E)tr  -  r,)  (1) 

where  r  and  rt  are  position  vectors  of  the  observation 
point  and  the  center  of  the  yth  scatterer.  respectively. 
Expanding  all  the  fields  in  terms  of  vector  spherical 
functions  as  a  basis  and  employing  the  translation 
theorem  and  the  orthogonality  of  the  basis  functions. 


- Twersky 

- Self  consistent 

•  Monte  Carlo 

II  Polarization 


t 
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a  =  58-3 


a/b  =  2.0 

II  POLARIZATION 


a/b=2.o,i  polarization,  a=o°  - 

a/b=2.0,l  POLARIZATION ,  a=583° 
a/b=2.0,ll  POLARIZATION,  <2=58.3° 
a/b=l.25,l  POLARIZATION  ,  <2=0° 
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a1  =  a1  +  I  Z  Z  a  ( r  -r  )  T  ,  „o^„ 
n  n  n*  n"  nn’  j  i  n'n  n" 


(8) 


where 


(9) 


ouih  (r-r.)  =  Z,  a  ,  (r.-r.)  Rei^ 

V  y  n'  nn'  j  i'  rn'  l 

and  a  ,  is  the  translation  matrix  for  spherical  wavefunctions . 
nn' 

Equation  (8)  is  averaged  over  the  positions  of  the  scatterers  to  yield 
an  equation  of  the  form 

<ai>.  =  a'5'  +  Z,.  Z  E  T  ,  it  Iff  ,(r  -r.)  <a^„>.,  p(r  lr.)dr.  (l 0) 

m  n  j/i  n'  n"  n'n"J  nn'  j  i  n"  ij  j  1  i  J 

where 

i  ik£n  *r,- 

a  =  a  e  °  1 , 

n  n 

p(r.|  r.)  is  the  conditional  probability  distribution  and  <oA,>  .  ,  is  the 
J  1  i  n  ij 

conditional  average  of  with  the  positions  of  both  the  i-th  and  j-th 
scatterers  held  fixed. 

It  is  obvious  that  Eq.  (10)  results  in  an  infinite  heirarchy  because 

1  '  ]r  2 

<a  „>  ,•  5  is  related  to  <a  >.  and  so  on.  The  QCA  first  invoked  by  Lax  and 
n  2J  n  ljk 

3 

also  independently  by  Twersky  simply  states  that 


(11) 


<aJ"  tr>  .  .  ~  <aJ  „>  . 

n  ij  n  j 

i.e.,  the  conditional  expectation  of  is  independent  of  the  position  of 

the  i-th  scatterer.  This  would  be  an  exact  statement  if  the  system  was 

perfectly  crystalline,  because ,  in  this  case  the  position  of  every  scatterer  in 

the  system  is  fixed  and  the  neighborhood  of  every  scatterer  is  the  same. 

3 

Twersky  has  commented  on  the  connection  between  the  QCA  and  partial  sums  of 
the  multiple  scattering  series.  The  QCA  neglects  back  and  forth  scattering 
between  a  fixed  pair  of  scatterers,  thus  in  any  term  of  the  multiple  scattering 
series,  each  scatterer  appears  only  once  and  only  two  scatterers  participate 
in  a  given  scattering  process,  i.e.  this  would  require  only  a  knowledge  of 


■ul4.  K.m  r«u 


.  *.  \  *.  , 


■■iU  1 


>  ■&*■■■  ala.*- 


two  body  correlations.  In  the  next  section  we  make  this  more  clear  by  a 
diagrammatic  representation  of  the  multiple  scattering  series. 
Substituting  Eq.  (11)  in  (10 )  and  noting  that 


P(rj|  ri ) (  = 


0  ;  I  r  -r  j  <  2a 
J 


v  e(  1  P j-?i 1  =  l?iJ  1  4  2a 


we  obtain 


<an  I  '  V  *  “o  TnV'f°nn'  ,<ai"  j  s(  I  7iJ  l>  d?J  (13) 

J  V-v 

In  Eq.  (12),  g(x)  is  the  radial  distribution  function  assuming  spherically 

symmetric  statistics  even  for  non  spherical  particles,  i.e.  the  exclusion 

volume  of  the  impenetrable  particles  is  assumed  to  be  spherical.  In  Eq.  (13), 

the  summation  convention  is  used,  and  if  the  particles  are  identical  £'  =  N-l^N 

J 

O 

when  N  is  large  and  v  is  the  exclusion  volume  equal  to  4ir(2a)  /3. 

We  now  assume  that  the  average  field  in  the  medium  is  a  plane  wave 
propagating  in  the  direction  kQ  of  the  original  plane  wave  in  the  host  medium, 
however,  the  average  field  propagates  in  an  effective  or  average  medium  which  is 
homogeneous  and  characterized  by  an  effective  propagation  constant  K  =  K^+iK^ 
which  is  complex  and  frequency  dependent.  Thus 

,  i  .  _  v  iKk  *r.  ... 

<a  > .  =  X  e  o  i  (14) 

n  i  n 

and  Eq.  (13)  can  hence  be  written  as 


iKk  •  r.  ikk  •  r. 

V  °  1  =  V  °  1  +  noTn'n"  e 

V 


iKk  -r.  f  _  iKk  -r 

ann'(ry)e 


+  X  jo  , (r. , 
n  J  nn'  i' 


iKk  *r  . 
o  ji 


[ g( |r. . I )-l]  dr) 


5 


The  second  term  on  the  RHS  of  Eq.  (15)  can  be  converted  into  a  surface  integral 
using  the  divergence  theorem  and  surface  integral  on  S^,  which  defines  the 
boundary  of  the  system, cancels  the  incident  wave  term  on  the  RHS  of  Eq.  (15)- 

Thus  Eq.  (15)  simplifies  to 
£+£' 

•  X  =  n  T  ,(V  ,,^'T  D  ,(A)[2kaj,(2Ka)h'(2ka)-2Kaj'(2Ka)h,,(2ka)] 
n  o  n’n  X  nn  A  A  a  a 

.  n 

|£-£'| 

+  f[g(x)-l] j^(Kx)  h^(kx)x2dx  (l 6) 

V-v 


where  D  ,(A)  is  the  vestige  of  the  translation  matrix  after  the  spatial  and 
nn 

angular  parts  have  been  absorbed  in  the  integration.  Different  expressions 
result  depending  on  whether  we.  are  discussing  acoustic,  electromagnetic 
or  elastic  wave  propagation.  Equation  (l6)  can  be  rewritten  as 


(6  ,  -  M  ,)  X  ,  =  0 

nn '  nn  n ' 

The  dispersion  equation  for  the  effective  medium  is  then  simply 


(17) 


1  6nn'  "  Mnn '  Kk>K»n0’V,T’s)  =  0  (l8) 

which  depends  on  k='jj/c,  the  effective  wavenumber  K,  the  number  density 

n  ,  the  exclusion  volume  v,  the  T-matrix  or  the  scatterer  characteristics 
o 

and  a  model  for  the  radial  distribution  function.  By  assuming  values  for 
all  variables  but  K,  the  determinantal  equation  can  be  solved  numerically 
to  yield  the  value  of  the  effective  propagation  constant. 


MULTIPLE  SCATTERING  SERIES 


If  we  substitute  Eqs.  (8)  in  (5)  and  then(l)  and  iterate  we  obtain 
the  following: 

utot ( r )  =u° ( r )  +  Jout|>n ( r-r± ) T^ , a^ ,  +  ZZ* ^ij  )Tn«n"' ali'" 

J 


+  EE*  I’  ou^  (r-r. )T  . 
...  n  1  nn ' 

ij  k 


(19) 


Equation  (19  can  be  averaged  over  the  positions  of  the  particles  to  yield 


<utot(r)>  =  u°(r)  +  E  T  ,  ou ip  (r-r.  Ja^Cr.  )dr. 

l  nn'  n  l  n^  l  l 


EE' 

ij 


T  ,T  „  , 
nn '  n  n ' 


ou*n(r-r1)on,ll,,(rij) 


V  p(ri)  p(rj 


r .  ) dr  dr . 

i  J  i 


(20) 


We  note  that  Eq.  (20)  involves  all  orders  of  joint  probability  functions. 

Each  term  in  Eq.  (20)  represents  beginning  with  the  second  term,  scattering 
from  one  inhomogeneity* at  a  time  scattering  from  two  inhomogeneities  at  a  time  etc. 
We  note  that  sums  of  the  form  EE'E'  involve  the  selection  of  three  particles 

ij  k 

at  a  time  from  N  particles,  the  prime  on  indicates  j  /  i,  E’  indicates 
k  f  j  but  k  =  i  is  permitted,  i.e.  particle  ’ i '  can  participate  in  the  3 
body  process  more  than  once.  Thus  the  three  body  process  can  include  any 
number  of  scattering  in  any  order  between  the  three  objects. 

Equation  (20)  can  be  rewritten  in  a  different  manner,  defining  the  T- 
matrix  of  2,  3,  U  etc. particle  configurations.  Denoting  by  T(2),  T(3), 

T(l*),etc.  the  T-matrix  of  2,  3,  b  particle  configurations  we  get 
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<utQt(r )>  =  u°(r)  +  Njcmip(r-r')  T(l)  a' p(r^)dr^ 

+  N(N-1 )  j ouiKr-r ' )  T  (2)  a*  p(l  ,2  Jdiyl^ 

+  N(N-1 )  ( N-2)  f  ouip(r-r'  )T  ( 3)a ' p(l ,2,3 )dr  dr_3.r, 

31  J 


(21) 


where  r'  denotes  the  common  origin  for  the  multiple  object  configuration 
p(l,2,3...)  are  joint  probability  functions.  We  must  note  that  in  Eq.  (21), 
the  T-matrices  must  be  included  under  the  integral  sign  unlike  Eq.  (20)  because 
T(2),  T(3)  etc.  depend  explicitly  upon  the  relative  position  of  the  particles. 

To  solve  Eq.  (20)  or  (21)  is  a  formidable  task  and  it  is  not  surprising 

1  3 

that  the  QCA  was  introduced  at  an  early  stage  by  Lax  and  Twersky  .  To 
show  the  connection  between  Eq.  (20)  and  Eq.  (l6)  we  now  place  some  severe 
restrictions  on  the  allowed  multiple  scattering  processes.  First  of  all  we 
require  that  each  particle  can  contribute  only  once  to  any  term  of  the 
multiple  scattering  series.  Further  we  do  not  permit  any  back  and  forth 
scattering  between  a  pair  of  scatterers.  Finally  only  two  body  correlations 
are  permitted  so  that  the  restricted  form  of  Eq.  (20)  can  be  represented 
diagrammatically  as 

<ut0t(r)>  =  u°(r )  +  <  •  <(-  4  4 - 

O  [  o  1  2‘ 


4- 


(22) 


where  denotes  the  incident  plane  wave,  •  denotes  a  scatterer. 


A1  2 

denotes  the  correlation 

1  2 


between  the  positions  of  particles  1  and  2  and  finally  *  denotes 
the  propagation  from  particle  1  to  the  observation  point  r.  In  equation  (22) 
will  be  replaced  by  a^,  each  will  be  replaced  by  TOT  where  0 

the  translation  matrix  accounts  for  the  propagation  of  waves  from  one  scatterer 

/*\ 

to  another  and*  •  will  be  replaced  by  p(l,2).  Hence  the  explicit  form 
of  Eq.  (22)  is  then 


<utot(r)>  =  u°(r)  +  Nj'oui|;(r-r^)Ta1p(r^)dr^ 
+  N^"outp  ( r-r^ ) 

+  N^|"ou^(r-r1) 


)To(r12)Ta  p(l,2)dr1dr2 


)T0(r12)p(l,2)Ta(r23)p(2,3) 


Ta  dr^drgdr 


(23) 


hT 

+  N  I  out|J  ( r-r^ 


)Ta(r12)p(l,2)Ta(r  )p(2,3)T 


a(r3l^)p(3,U)Ta  dr  . .dr^ 


In  Eq.  (23),  we  have  removed  the  restrictions  in  sums  like  LI'S' 

ij  k 

etc.  by  noting  that  p(l,2)  is  automatically  zero  if  r2=r^.  Any  inaccuracies 
introduced  by  this  procedure  becomes  smaller  as  N  -*•  ».  For  spherical 
statistics,  we  note  that 

p(r1)=|  ;  Pd.2)  =  P(r1,r2)  =  ^  g(  l^-rgl) 

We  now  introduce  spatial  fourier  transforms  of  the  translation  matrix 
and  the  radial  distribution  functions  and  denote  them  by  a  (k)  and 
g(k)  respectively.  Using  the  convolution  theorem,  Eq.  (23)  can  be  simplified  to 


9 


<ut°t(r)>  =  u°(r)+n 


fouipCr-r.  )T{l  +  n  a'g  ( K )  T+n2CTg(?)Tog(?)T 
o/  1  0  o 


(24) 


♦ - >  e^VVa^Kd?^ 


where 


Og(K) 


■J 


a(x)g(  |  x  |)elK 


(25) 


The  terms  on  the  RHS  of  Eq.  (21*)  can  be  summed,  formally  and  we  can  rewrite 
Eq.  (2l+)  as 


<utot(r)>  =  u°(r)  +  ouiMr-r  )T  , 

n  1  nn 


(26) 


f  -v  i  -K*(r 

n  I  {l-n  Og(K)T}_1  e1  1 
o  J  o 


,K‘(r,-r  )  2  ^  + 

a  „  dKdr.  dr„ 
n  1  2 


This  new  form  of  the  average  field  can  be  interpreted  as  an  incident 
plane  wave  propagating  through  an  effective  medium  of  propagation  constant 
K  and  propagator  {l-pgT}  1  undergoing  scattering  from  a  particle  at  r 

r*y  1 

and  then  propagating  to  the  observation  point  r  with  the  wavenumber  of  the 
host  medium.  In  Eq.  (26)  we  note  that 


iK*  (r  -r  )  2  iK>r 
e  an„  =  e  ! 


a  u 
n 


so  that  if 


then 


-  tot,-*-.. 

<u  (r)>  = 


{1  -  noagT}-1(K)  =  H(K) 


(27) 


=  u°  +  n  f  oui|>  (r-r')  T  ,H  ,  „'r")a  „dr' 
o  I  n  nn  n  n  n 


The  dispersion  equation  in  the  model  medium  are  given  by  the  zeroes  of 

H  (K)  which  yields  the  effective  propagation  constant  of  the  medium.  We 

recall  that  the  propagator  in  the  host  medium  has  a  Fourier  transform  of  the 
2  2  2 

form  l/(k  -u>  /c  )  which  has  a  pole  at  k=u)/ c.  The  poles  of  the  new  propagator 


.!■«  W  mU 


■v.v.v-v-ia 


are  then  determined  by  the  roots  of  the  determinantal  equation 


|  1-n  a g  (K)T  j  =  0. 
o 

We  observe  that  Eq.  (28)  and  Eq.  (18)  are  identical  since 


M , (k,K,n  ,  v,  T,  g) 

nn  o  .  (29) 

T  t,  | 

o  nn  n  n' 

Thus  the  QCA  is  exactly  equivalent  to  summing  the  class  of  multiple 

scattering  diagrams  denoted  in  Eq.  (22).  This  has  also  been  qualitatively 

3 

discussed  by  Twersky  .  We  can  now  proceed  to  improve  the  QCA.  Since  we 

are  somewhat  limited  in  our  knowledge  of  the  higher  order  correlation  functions 

at  the  moment  we  will  restrict  ourselves  to  improvements  that  do  not  require 

knowledge  of  higher  order  correlations. 

We  start  with  Eq.  (21),  which  is  a  multiple  scattering  series  written 

in  terms  of  the  T-matrix  of  clusters  of  particles  which  are  then  averaged 

over  the  positions  and  relative  spacing  of  the  particles  in  the  cluster. 

We  begin  by  noting  that  T(2),  the  T-matrix  of  a  two  particle  configuration 

depends  only  on  the  relative  position  of  the  two  particles  and  takes  the  form, 

l8 

(see  Peterson  and  Strom  ) 

T(2)  =  Rektp^HTU  -  a  (P2-P1)Ta(pi-P2)T]'1[l+c|p2-P1)TRe(a(pi-P2))] 
Re(o(-p1))  +  {1^2}  (30) 


where  the  second  term  is  obtained  by  interchanging  and  P2,  p^,  p^  are 

the  positions  of  the  two  particles  relative  to  a  common  origin  which  is 

located  at  r'  i.e.,  r.,  =r'  +p.,  i  =1,  2. 

i  l 

Terms  of  the  form  (1-oTaT)  ^  denote  repeated  back  and  forth  scattering 


between  particles  1  and  2.  In  addition  to  other  more  complicated  terms 


these  'ping-pong'  terms  are  explicitly  neglected  by  the  QCA.  The  QCA 
can  be  improved  by  including  these  terms  in  the  multiple  scattering  series. 
The  price  is  not  too  great  to  pay  since  only  a  knowledge  of  two  particle 
correlations  is  still  required. 

The  3-body  T-matrix  must  be  simplified  as  follows: 

T(3)  =  T(l,2,3)  =  T(l,2)  T(2,3)  (31) 


We  note  that  we  have  neglected  terms  of  the  form  T(l,3)  since  particles 
1  and  3  would  appear  out  of  order  in  the  chain  and  hence  prevent  us  from 
summing  the  series  using  convolution  techniques.  The  3-body  joint  probability 
function  is  approximated  as  follows : 


p(l,2,3)  ~  p(l)p(2  |l)p(3 |2)  (32) 
which  we  note  is  different  from  Kirkwood's  superposition  approximation  for 
the  3-body  correlation  function. 

Using  Eqs .  (31)  and  (32)  and  similar  approximations  for  the  higher 
order  terms,  Eq.  (21)  can  be  written  as 


.  tot/^ 
<u  (r 


i  outKO  ,1  )Ta  fp(  1  )dr 


)>  =  u°+N/o 

J 

+N2fouiM0,l)T  a(l,2)T  [1-0(2, 1)T  o(l,2)T]_1  p(l)  a2  p(2  ll)  dr, dr„ 

r  ‘ 

3  ouiHO.DT  0(1, 2)T  [1-0(2, 1)T  o(l,2)T]_1  0(2,31 


(33) 


+N 


:)t 


[1-0(3, 2)To(2,3)T]-1  a3  p(l)  p(2  |l)  p( 3  |2 )  dr  dr2  dr3 


Let 


T(l,2)  =  o(l ,2 )T  [1-0(2, l)To(l,2)T] 


-1 


which  is  a  function  of  r^  only. 


We  denote  by 


f  ik*(r1-r0) 

n  T(l,2)  g(2  |l)  (k)  »»  /  T(l,2)p(2|l)e  2  d(r  -r  ) 


(34) 


then 


.  tot,-*- 
<u  (r* 


/« 


)>  =  u  +  ouii»(0,l)T  [1  - 


n  T(l ,2 
o 


)g]-1(K) 


(35) 


ik*  ( r  -r  )  a  dr  dr  dK 
e  id  id 

The  major  difference. between  Eq.  (26)  and  Eq.  (35)  is  that  o(l,2)T 
has  been  replaced  by  a(l,2)T[l-0(2,l)Ta(l,2)T]-1.  The  hole  correction 
integral  is  not  as  simple  as  before  since  a  complicated  matrix  inverse 
also  enters  the  integrand.  The  propagation  constant  for  this  improved  version 


of  the  effective  medium  are  determined  by  the  zeroes  of 


CONCLUSION 


In  this  paper  we  have  shown  that  the  QCA  is  a  partial  resummation 
of  the  multiple  scattering  series  that  omits  back  and  forth  scattering  between 
fixed  pairs  of  scatterers.  An  expression  for  the  propagation  in  such  a 
medium  is  derived  whose  poles  are  the  same  as  those  obtained  by  solving 
the  roots  of  the  determinental  equations  obtained  invoking  the  QCA. 

The  difference  between  Eq.  (28)  and  Eq.  (36)  can  only  be  tested  by  actual 
computation  of  the  effective  wave-number  for  a  given  system.  The  QCA  has 
already  met  with  much  success  in  explaining  the  experimentally  measured 
attenuation  of  electromagnetic  waves  for  a  distribution  of  latex  spheres  in 
water  for  concentration  up  to  40%  and  wavelengths  comparable  to  scatterer  size. 

It  may  be  reasonably  asked  if  any  improvements  can  be  achieved  by  including 
additional  multiple  scattering  processes  as  in  Eq.  (36).  A  logical  way  to 
answer  this  before  implementing  improvements  on  the  QCA  in  the  multiple 
scattering  algorithm  is  to  study  electromagnetic  scattering  from  a  fixed  pair  of 
scatterers  as  a  function  of  frequency  varying  the  distance  between  the  scatterers 
and  the  material  properties  of  the  scatterers  with  respect  to  the  host.  This 
will  give  us  important  insight  as  to  the  importance  of  such  processes  in 
wave  propagation  in  random  media. 
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jaCe  Cross  Correlation  Function  of  Successive  Scattered  Fields 


ross  Correlation 

Consider  two  sequences  of  scatterers  {j ^2* • • • » jmJ  and  . . . ,kn}, 

hich  do  not  overlap  each  other,  and  do  not  repeat  in  each  series,  i.e.  no 

ny  pair' among  ,k^,...,kn  is  equal.  The  space  cross  correlation 

unction  of  the  successive  scattered  fields  p......  (4)  and  p,  ,  .  (r) 

rjl  jm  rkl...kn 

s  defined  by 


k, .  . .  k 

1  n 


J  i  •  •  •  J 
i  m 


i 

(rl’r2)  =£tpj  j  (rl)pk1...k  (r2)} 

J1  Jm  In 


(5.1) 


here  §  is  the  mathematic  expectation  operator. 


th  .  th 


Let  S.  ,5.  , . . . ,S.  be  the  regions  occupied  by  j ,  ,j,  ,  ...»  j 

J1  J2  Jm  L 

icatterers  with  mass  center  at  origin,  respectively.  Thenwith  rather  high 

iccuracy  we  can  make  the  following  approximation 


V(P.  +r ' )  =  «KP.  )e"ik(Pj1)  r'  ,  p  r'e  5. 
J1  J1  J1 


(5.3) 


„  "Pi  • 

Pjl+1  Jl  r ! 


-iky- - — r  i 

r  (p,  -  p.  +r’,  k  ,  e  )  =  r  (p  -  p  ,k  ,0  )  e  P3i+r°ji 

Ji+1  Ji  J  i  *  i+1  Ji  Ji 


r '  £  S  ,  i-1,2, . . . ,m. 

1  J  -I 


(5.4) 


Then  (3.15)  can  be  simplified  to 


P.1 2~P3 1  ’ 


Pi  i  (rm)  =  ^(Pi  )  ^(Pi  ~Pi  ’k  (P1  }’0i  }  T(Pi  _Pi  ’  klo  O  ~  T  9i  } 
rJr.Om  m  i2  ±1  2l  J3  J2  '  Pj  2_Pj  L I  J2 


r(p±  -pj  ,kip.  _p.  j  » 0j  ^  •••  r(Pj  -pj  » 
4  3  3  1Pj3  PJ2'  J3  Jm-1 


P3m-1  P3m-2 


jm-l’  ' Pjm_1"Pjm-2 1  jm-l 


,  e,  )  (5.5) 


r-i  /  _  ,  Pjm  PJm-l 

r<r"'Dj-'  ^ 
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Lf  we  note  that 


A  Dl  /VW  =  r3  when  i=n- 


(4.20) 


Figure  7  shows  the  case  of  i=n-3.  The  shaded  area  denotes  the  region 

/V  o  <VW 

k-l  t+k  1 

It  can  be  proved  that  if  any  one  of  the  following  conditions 

1  o  «a,  where  a  is  the  maximum  deviation  of  the  surface  of  each 

m  m 

scatterer  with  a  spherical  surface,  which  encloses  the  same  volume  as  a 
single  scatterer,  a  is  the  radius  of  this  sphere. 

2  VV«1,  where  V  is  the  volume  of  a  single  scatterer,  Y  =max{y(p)  ,pei?_} 

m  m  .i 

3  «11,  where  cr  is  the  standard  deviation  of  random  vector  8.: 


°0  *  [S{|6j-£[9j]  |2}]1/2 

is  satisfied,  then  (4.19)  can  be  simplified  to 


(4.21) 


/(Plf...,Pn,  e1,---,en)  ]j4(0i) 


Y(P^) 

N-(n-i) 


Hpi’  f\  ^  >»  (4-22) 


where  ^  is  the  mathematical  expectation  of  as 

by  a  similar  expression  as  (4.14).  The  conditions  1,  2  and  3  mean  that 

respectively: 

1.  the  shape  of  each  scatterer  closes  to  sphere, 

2.  the  scatterers  in  space  are  not  very  dense,  and 

3.  all  the  scatterers  have  about  the  same  orientation. 

It  should  be  noticed  that,  equation  (4.22)  holds  as  long  as  only  one  of 
these  conditions  is  satisfied.  It,  however,  does  not  reauire  all ’of  thdifi 


are  satisfied. 
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0  ,  -  6  ,  i.e.  on  the  relative  orientation  of  these  two  scatterers. 

n-1  n 

D „  is  the  complement  set  of  D ^  ,  i.e. 
pn  r  pn  * 

D*  (0  ,  0  )  =  R/D  (0  ,  0  )  , 

pn  n-1  n  3  pn  n-1,  n' 

In  terms  of  the  characteristic  function  of  set  D „  then  let 


(4.7) 


X(p  ,  D  (0  ,  0  ) 

v  n-1*  pn  n-1,  n 


1, 

p  . 

e  D  (0  .  , 

e  ) 

n-1 

pn  n-1 

n 

o. 

p  , 

£  D  (0  . 

0  ) 

n-1 

pn  n-1. 

n 

(4.8) 


and  (4.6)  can  be  expressed  as 

Y  (P  -I ) 

f  ,(p  Jp  ,0  .  0  )  =  — xt~T~  ■  *(P  ,  D  (e  .  0  )) 

Jn-1  n-1  n  n-1,  n  N-1  n-1,  pn  n-1,  n 


(4.9) 


We  define 


4-i'VilV  -  ffa- Vi*  WVi>  Wd4-ide»  «-10> 


and  by  substituting  (4.9)  in  (4.10),  we  obtain 

Y(P„ 

4-l<Pn-llpn>  -“N^^n-L*  °n>  ’ 


(4.11) 


where 


mffX(Bu- V  °pn<9„-fen»4<e„-l)4<S„)<i9n-l'ie„ 


(4.12) 


Further,  by  means  of  the  relation 


X(p,D )  =  1  -  X(p ,DC) 


(4.13) 


(D  can  be  any  set)  and  using  the  properties  of  probability  distribution 
density,  from  (4.2)  we  get 


X(p  .,  D  ) 
n-1*  pn 


l’IJPn(en-l*en))4<en-l)4(en)den-ld9n  (4'14> 


This  shows  that  the  region  0  is  the  mathematical  expectation  of  the  region 

Wi-V- 


v  .1 
,*•  /- 
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w 


^  \  e  *3  • 


(4.3) 


where  v(p)  is  the  mathematical  expectation  (or  mean  value)  of  the  volume 

density  of  the  mass  centers  (representative  points)  of  scatterer  (or  number 

[2] 

of  representative  points1  in  unit  volume)  and  N  is  the  total  number  of 
scatterers. 

Strictly  speaking,  when  the  shape  of  each  scatterer  is  not  spherical, 

the  mass  center  positions  p^,...,  P^  are  not  independent  of  the  orientation 

angles  8  0  ,  and  (4.2)  should  be  replaced  by 

jl  jn 

/(p^,...,  Pn,  8^,...,  6^)  =  /p(P^>---> 


=  ^(P]_  I  P2 » *  *  * »  pn  • • • »  /*2  (P2  I  P3 •  •  • »  ®2* ' '  * 

■/3(p3lp4,---,pn.  ®3»  *  "  ,9n^  *  * *^n-l^Pn-l ^  Pn*  0n-l*  6n)  •^n(Pn) 


(4.4) 


■W 

and  from  the  assumption  1  mentioned  above 

f  (P  |0  )  -  f  (P  ) 
n  n  n  n  n 


(4.5) 


Expression  (4.4)  is  the  more  general  expression  when  the  assumption  2  has 
been  removed,  or  only  under  the  assumptions  1  and  3.  The  following  derivation 
will  be  done  also  under  only  assumption  1  and  3. 

[2] 

By  following  the  procedures  used  in  Part  II  ,  it  can  be  proved  that 


4-l(Vl|(V  Vl>  V  * 


Y(p  )  p  e  Dcn  (8  ,  0  ) 

1  n-1  n-1  Pn  n-1  n 

N-l 

)  p  ,e  (0  .,  e  ) 

n-1  Pn  n-1  n 


(4.6) 


where  D  (8_  ,  ,  8  )  is  the  region  enclosed  by  the  locus  of  the  mass  center 
pn  n-l  n 

of  scatter  (p_  , ,  0  ,)  which  is  just  tangent  with  the  scatterer  (p  ,  0  ), 

u  L  n— l  n  n 

as  shown  in  Figure  6.  Obviously  this  region  D  depends  on  the  orientation 

Pn 

angles  8  ,  and  0  .  The  shape  of  D  (0  )  depends  only  on  the  vector  difference 

n— l  n  p  n-1 


Multi-Demenslonal  Joint  Probability  Distribution  of  Scatterers 


In  order  to  calculate  the  correlation  function  and  intensity  of  multiple 

scattered  field,  the  expression  of  multi-dimensional  joint  probability 

distribution  function  or  density  of  random  vectors  P,,,"p. P.  and 

7  jl*  J  2  jn 

9jl’  ® jn’  ©n)  is  needed.  In  this  paper,  we 


assume 


1  The  orientation  and  the  mass  center  position  for  each  scatterer 
are  mutually  independent,  (in  unconditional  distribution). 

2  The  orientation  of  each  scatterer  is  also  independent  of  the  mass 
center  position  of  other  scatterers. 

3  The  orientation  angles  0  0. 8.  of  any  n  scatterers  from 

jl  j2  jn  1 

N  scatterer  are  jointly  independent,  and  have  the  same  probability 
distribution. 

From  these  assumptions,  /( p, , . . . ,  p  ,  0,,...,9  )  can  be  written  as 

l  n  I  n 

®^»***f  ®n)  =  PR)  f 0  (^*1-) 

where  /^(p^,...,  p^)  is  the  joint  probability  distribution  density  of  P^, 
Pj2>'--»  Pjn»  an<^  /q(9)  the  probability  distribution  density  of  0 
(or  0j2,  or  0j3, . . .) . 

/p(p^,...,  Pn>  can  be  expressed  in  terms  of  the  conditional  probability 
densities  as 


^p(p-^»*«*»  Pjj)  f I  @2  ’  ‘ '  *  *  ^2^2  I  ^3» ' '  *  ,(3n^  4^P3  I  ^4»  •  •  * »  Pn^ 


'••Jn-l(pn-llpn)  4(pn) 


(4.2) 


where  / ^  (  p  ^  j  ~2,...,  p^)  is  the  conditional  probability  density  of  p  ^  under 
the  condition  P^  =  P2>  Pj3  =  P3,...,  and  Pjn  =  Pn>  /3»...,  fnl 

denote  similarly.  /^(p  )  *s  t^ie  unconditional  probability  distribution 

-  [2] 
density  of  p  .  By  using  the  methods  employed  in  Part  II  ,  it  can  be 

easily  proved  that 


The  expressions  (3.15)  and  (3.16)  are  the  general  expressions  of  the  successive 

scattered  field,  in  terms  of  the  incident  wave  ip  and  the  scattering  functions 

g,  of  each  single  scatterer,  g  is  called  the  unit  impulse  response  functions, 

r  is  called  wave-vector  response.  All  of  them  are  similar  to  the  Green's 

function.  The  function  p.,  .  (r)  is  called  the  successive  field  of  the 

j  1  •  •  •  jin 

scatters  jj,  j2>  . . .,  jm- 


Finally,  considering  scatterers  3,  to  3  ,  we  obtain 


Q-f  ■■■[  7'-  9jl)8C»j3-"j2*72’  'i’ej2> 

■■■*&)  -»j  ,*7;.i-'r;-2-  ei  >*<f»  -'j  •*r;-r  v  d?,dv---df;-i 

Jm  Jm-1  m-1  m  m 


p.,  .  (p*.  +  r"  ,)  =  p.,  .  (r  ) 

Ml. ..3  3  m-1  ^  j  1 ...  3  m 

J  J  m  J  m  ~  TP 


J  pJ1  +r')g(r",  r’,  9 ^ x ) g ( ^ ,  fj,  e^gCr^,  r£,  0^) 
R3 

••■sK-2<-2>Qj  >*CV7j  **i-l*  ej  }  d7’  d7i  •••  dim-l 

m-1  m  m 

where  (see  Figure  5) 


*5  =  "j t  °r  *i-l  =^2  -  pj. 


0  +  r.'  or  r!  ,  =  7.  .  -  p-.-, 

^  +  i-l  l-l  i-l  j2 


•  •  y  in  • 


r  (?',  k  ,  0)  =  J  g(r",  r\  9) 


-ik*r' 

e  dr ' , 


g(r",  r',  9)  = 


/  r(f",  k,  9)  e+1^*r'  d^ 


(3.8) 


Pjl(pjl  +  r  ”  =  J  *<pji  +  r  JS(r"»  r  >  e  ) 


.  th 


Similarly,  or  the  scatterer  with  orientation  angle  6^,  and  mass 


center  of  which  is  located  at  P^>  when  incident  wave  is  p^(r),  the  scat¬ 


tered  wave  Pjjj2^  can  exPressed  as 


V]l)2i!2>  =  /  fl’’  V  d?l’ 


(3.9) 


or 


Pjlj2(0'j2  *7l">  '  /  ».2)  d?j-  (3.10) 


Substituting  (3.7),  (3.8)  into  (3.9)  and  (3.10)  respectively,  we  have  (note 


that  p. i  +  r"  =  p. 2  +  r' j) 


Pjlj2(i2}  =  If  KP^jl^')g(p'j2--p.1+?,1',  T',e.1)g(F2-p.2,  r"j '  ,0j2)dr' df! 


(3.11) 


or 


pjlj2Cpj2+?l")  =  //  +7’)g(?,,r',  e.pgfr",^,©^)  df'dr^  (3.12) 


Jl 


j2J 


.  th 


Similarly,  if  a  third  scatterer,  i.e.,  the  one,  is  now  added  in  this 


analysis,  then 


Pjlj2j3C?3)  =  UfH‘ !jl*T')gCpj2-'rjl*Tl>  Sil’8("13-'i2*72''pi’  ei2>  (3'13> 


jl 


j 2  Kjl  *1’  *  ’  "jl^^j3  Mj2  i2*  ‘1*  uj2J 


*  S(Vpj3’  ~*2 '  *  V  df'  dV  dV 


j3J 


and 


Pjij2j3t?j3  *  V>  *  ♦r'jgC?',  r',  e.pgc?,",  Fj’.  ej2) 


]2‘ 


g(r  r  '  8,  _)  dr'  dr  ’  dr  ' 


(3.141 


3.  Successive  Scattering  Formula 


Suppose  the  scatterer  is  located  as  in  Figure  4.  Its  mass  center  is 


at  o'.  . ,  and  its  orientation  angle  is 
1  ^ 


eji  ■  <V  V  e3>- 


Then  the  unit  impulse  response  of  its  equivalent  system  can  be  expressed  as 
g(rj,  r,  9 j j)  and  the  scattered  wave  p^(r),  when  the  incident  wave  is 
if>(r)  (suppressing  cla)t) ,  can  be  expressed  from  (2.1)  as 


Pjl^*V  =  I  *jl*  9jl5  djr 


(3.1) 


r '  =  r-p . , ,  r"  =  r, -p 


1  "jl 


(3.2) 


r  =■?..+  r’,  "r.  =  "p . .  +  r",  dr  =  dr' 

jl  1  ji 


(3.3) 


and  (3.1)  becomes 


i Cp^  i  +  r")  =  J  +  T')g(p'.1  +  r",  p^  +  r',  6^)  dr'(3.4) 


Obviously, 


g(p  +  r",  p’  +  r\  o’,  0)  =  g(r",  r ' ,  0) 
g(r",  r',  0)  =  g(r",  r') 


(3.5) 

(3.6) 


so  that  (3.4)  becomes 


>i,(r,)  a  f  'Kp^i  +  r')g(i7!-p’.1 ,  r ' ,  0,,)  dr' 


(3.7) 


It  should  be  noticed  that:  l)  this  "equivalence"  is  only  for  the  scat¬ 
tered  field  outside  the  scatterer,  and  2)  the  "equivalent  scatterer"  and  the 
"equivalent  spatial  stochastic  system"  do  not  really  exist.  They  are  only 
for  the  convenience  of  calculation. 

r (r,k)  can  be  called  wave-vector  response  function  of  the  scatterer  or 
of  the  system,  and  from  (2.3), 

g(r,r  )  =  — J  r  (r,k)e'lk*ro  dk  (2.4) 

where  K  is  the  3-dimensional  wave-vector  space,  and  dk  is  the  volume  element 


'  V 


in  Figure  2.  When  this  scatterer  is  immobile  and  the  incident  wave  is  a  mono¬ 
chromatic  plane  wave  with  unit  amplitude  and  wave-vector  k,  the  scattered 
wave,  can  be  expressed  as  p(r,i<)elaJt,  where  p(r,k)  is  complex  amplitude  of 
the  scattered  wave  and  can  be  expressed  in  terms  of  a  scattering  matrix. 

Consider  another  "imaginary  scatterer"  or  a  "spatial  stochastic  system" 
with  the  following  properties:  l)  It  is  totally  transparent  to  the  incident 
wave,  and  incident  wave  can  penetrate  it  without  damping,  2)  it  has  the  same 
shape  as  the  real  scatterer  mentioned  above.  When  the  incident  wave  is 
6 (r-rQ)ela)t,  the  scattered  wave  can  be  expressed  as  g(r,r^)ela,t»  and  when  the 
incident  wave  is  any  monochromatic  wave  s(r)e1(ilt  (not  necessarily  plane  wave) , 
the  scattered  wave  (output  of  this  system)  can  be  expressed  as 


p(r)  =  J  s(F)g(r‘,ro)dro,  (2.1) 

—  f  1 1 

where  g(r,ro)  is  the  unit  impulse  response  function  of  the  first  kind1  1  of 

the  system,  and  is  the  real  3-dimensional  space.  The  factor  B  lait  will  be 

omitted  from  now  on.  When  s(r)  is  a  uniform  plane  monochromatic  wave  with 

unit  amplitude  and  wave-vector, 


s(r) 


ik*r 

e 


(2.2) 


the  scattered  wave  can  be  expressed,  from  (2.1),  as 

p(r)  =  J  elkr  g(F,ro)dro  =  T (r,k) .  (2.3) 

*3 

If  r (r,k)  is  just  equal  to  the  p(r,k)  mentioned  above,  then  this  imaginary 
scatterer  is  called  the  "equivalent  scatterer"  of  the  original  scatterer,  and 
this  spatial  stochastic  system  is  called  the  "equivalent  spatial  stochastic 
system"  of  this  original  scatterer. 


A  -*  -L' 


1.  Introduction 


The  problem  of  multiple  scattering  of  discrete  scatterers  randomly  distri¬ 
buted  in  space  appears  frequently  in  various  applications  and  has  been  treated 

4-8 

by  many  authors  in  various  ways,  for  example,  Varadan  and  Varadan  and 
Twersky.^  ** 

In  this  paper,  this  problem  will  be  treated  based  on  the  general  theory 

1-3  2  3 

of  spatial  stochastic  systems,  and  the  general  multiple  scattering  theory.’ 

We  consider  the  following  problem:  scatterers  of  any  shape  and  size  randomly 
distributed  (not  necessarily  uniformly  in  some  region)  in  space.  All  the 
scatterers  have  the  same  shape,  same  size  and  the  same  scattering  property 
individually  and  are  motionless.  The  orientation  of  scatterers  is  also  not 
necessarily  uniformly  distributed.  Therefore  they  also  can  be  in  the  same 
orientation  when  orientation  angle  distribution  is  S-function.  The  total  num¬ 
ber  of  scatterers  can  be  finite  or  infinite.  The  region  occupied  by  the  scat¬ 
terers  can  be  bounded  or  unbounded,  or  the  whole  3-dimensional  real  space  R^, 
see  Figure  1.  The  incident  monochromatic  wave  ij;(r)«lait  can  have  an  arbitrarily 
shaped  wave- front.  We  are  going  to  find  out  the  multiple  scattered  field 
p(r)e1Wt  and  its  space  correlation  function  and  intensity  in  the  whole  space, 
(except  inside  each  scatterer)  inside  as  well  as  outside  the  region  in  which 
the  scatterers  are  distributed. 

For  more  complex  media  involving,  for  example,  several  kinds  of  scatterers 
we  can  use  the  system  decomposition  method  (mutual  feedback  connection  case) 
and  solve  it  in  terms  of  the  results  obtained  in  this  paper. 

2.  Equivalent  Spatial  Stochastic  System 

Consider  a  single  scatterer  having  a  given  shape  and  known  scattering 
properties,  and  establish  a  coordinate  system  at  its  center  of  mass,  as  shown 


Abstract 


In  this  paper,  a  multiple  scattering  theory  based  on  spatial  stochastic 
system  is  presented  to  study  w^ve  propagation  in  discrete  random  media. 

Using  the  concept  of  an  "equivalent  spactial  stochastic  system"  and  the  deri¬ 
vation  of  the  expressions  for  the  joint  probability  distribution  of  scatterers 
and  the  successive  scattered  fields,  a  general  expression  of  the  space  corre¬ 
lation  function  and  the  intensity  of  multiple  scattered  field  is  established. 
This  expression  shows  that  as  long  as  the  scattering  characteristics  of  each 
constituent  scatterer  excited  by  a  plane  monochromatic  wave  are  known  along 
with  the  volume  distribution  density  of  the  scatterers,  the  space  correlation 
function  and  the  intensity  of  the  field  multiply  scattered  by  the  scatterer 
distribution  excited  by  an  arbitrary  monochromatic  wave  can  be  calculated 
rather  simply. 
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where  k  =  —  is  the  wave  number  of  incident  wave, 
c 

From  (5.5)  and  (4.22),  the  space  cross  correlation  function  of  the 
successive  scattered  field  can  be  expressed  as 


H*  *  ,kn 


m+n  m+n 


(rx,r2)  -/••/  H  /(p1)^(pi)  r(p2-p1,k(p1) ,  ex) 


Jl---Jm 


r3  ® 


p2-pl 


Pm-1  Pm-2 


r  (03-c'2-fcT^pF7T  •  V  •••  r(cm'pm-l’  k|  Pm„rPm_2 ,  1  0-l> 


l"Vv  ‘■Tp-^TT  •  e.)r<p;-p/  k(pi>-  V  r(p3-p2-  kT§STT-  e2>  • 

m  m—  i  Z  L  Z  L 


pi-l-pi-2 


p'-p’  , 
n  n-l 


Pn-1*  T^p'  7T  ’  8n-l)  r(r2‘Pn’  k'[p'-p’ 


n-l  M  n-2  1 


n  n-l 1 


*  6n> 


m+n-i 


rr  f  (6  >  -><pi)  *  <pi.  f\  5p  > 

11  f6  N- (m+n-i  1  ,  .  Pi+k 


.  dp,... dp  dp'... dp'  de,...de  de....d9' 

i  mi  ni  mi  n 


(5.6) 


where 


Pm+1  Pi’  Pm+2_Pi’ ’ 


’ ’ Pm+n=Pn 


9mfl  9i’  0m+2=02  *  *  *  *  * pm+n_Pn 


Let  <I|(r 


,k)=JV(r,k, 


0)/B(0)  d6  , 


(5.7) 


and  is  called  the  "average  wave-vector  response  function  of  a  single  scatterer 
with  respect  to  its  random  orientation.  Then  (5.6)  becomes 


k.  k 
1. . .  n 


(rl,r2>=  J...J  ^*(P1)'KPi)^>*(P2-P1,  k^)) 


^1"  ’  ’^m 


*/  ^2  P1 
*  (p  _p  i_± - i — - 

3  M2’k|n2-P1| 


.  ,  .  Pm-1  Pm-2 

PnfPm-l’  k]p  , -P  7| 
m-1  m-2 


Pm  Pm-1 


o  *  —  ^  * 

p2  K1 


4  (rrpm*  Ap ~-p- Tr>  $(pi-pi*  k(pi))$(p3-p,2* 

m  m— 1  l  i 


p;-rp;-2 


p -p*  i 

•  i-  n _ .. 


*  (r2'P"' 


nH-n-i 


TT  X  (Pf  O  Sl>  d0l-d£>n,  d(,i-dpn 

i=l  k=l 


(5.8) 


Jl*  /  *<P1)«P2-P1.  k<Pl»  *  (P3-°2-  fcT|7^-T>  M-(m+n-l)  '  <5'9) 


m+n-1 

•X  (Pv  f\  Dc  )  dp  , 
k=l  1+k 


By  means  of  DeMorgan's  Law  and  the  properties  of  the  characteristic 
function  of  sets,  it  is  easy  to  show  that 


nrt-n-1 

X(p  A  DC  )  =| 

Mk+1 

k=l 


m+n-1 

-X(p  [  A  T>c'  ]c) 

L  Mk+1 

k=l  K  1 


m+n-1 


-«Pi.  U 


m+n-1  m+n-1  m+n-1 

-  E  *(pi\+1> +  E  E  «oi- vn 

k=l  11+1  k=l  £-1 

k^£ 


> 


m+n-1  m+n-1  m+n-1 

E  E  E  x<^\+1n  \+lA  Vj  ♦  - 

k=l  €  =  1  q=l  K  .  C  L  L‘Ti 

£^q,  q^k 


(5.10] 


Substituting  (5.10)  in  (5.9),  we  have 


I  .jW-jCD  +  j(2)_  rO)  + 

1  ll  1  1  1  *  * 


.  =  ?  (-I)nJ(n) 

n=0  1 


(5.1i: 


where 


r'0)-  /  «0l 


p2-pi 


Y(PX) 


)  *  (Pj-P^  k(Pl))  «  (p3-p2.  ‘CT  K-C^n-!  IPt  (5.12) 


m+n-1 


(1)  1  v  ^  r  *  *  *  p-,-p-i 

J1  =  iRm+n-l)  Lj  j  *  (P1)  *  (Pz-P^Pl))*  (P3-P2»1Tp2-P1-|)  (5‘13 


k=l 


.Y(p  )  X  (P.,5  )  dp 

pk+l  1 


m+n-1  m+n-1 


ri2)=  FTm+iT-iY  S  2]  J"**( pi 


k=l  1=1  ff 


)  ♦*(P2-P1,k(cl)>  Apj-Pj.k^-f) 


•y(p)  y  (p  5  r\  d  )  dp 

Pk+1  pl+l  1 


(5.14) 


I ^  =  ...  (similar  and  omited) 

P2  ~  P1  =  ul*  ^en  Pi  =  P2  -  u>  an<^  (5.12)  and  (5.13)  transform 
to  the  following  expressions  respectively: 

L  _j _  J  y?(<2-u,)  f(u,,k(h-^))  jt',)  r(?*-u0  du*  ( 5-i 5> 

N-(m+n -/)  £ 
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Since  the  function  $(u,  k)  rapidly  attenuates  with  u  and  its  'effective 
domain  ",  k(  )  and  t(  )  be  treated  as  constants,  we  lei 

ik(p-).un  *  *  ik(p„)-u 

^(p2)e  L,  ^  (P2-Ul)=^  (P2)e  1  (5.16} 

and  (5.15)  becomes 


r(0>=  1 

1  N- (m+n-1) 


<l>  (p2)y(p2) 


/ 


$*(u1(k(p2))**(p3-P2,fcrjir  e'ik(p2) *U1 


du. 


(5.17) 


It  can  be  shown  that,  in  the  summation  of  (5.13),  only  the  first  term  plays 
the  main  rule,  and  the  summation  of  other  terms  is  much  smaller  than  the 
first  term  and  can  be  neglected.  Thus, 


r(l)  1 
1  N- (m+n-1) 


/ 


p2“pl 


(P1)$  (p2-p1,k(p1))$  ( p3-p2 , k|p~ ,p~ |Y(P1)dp1 


(5.18) 


By  similar  reasons  as  it  was  used  in  the  drivations  of  (5.17),  (5.18)  becomes 


ri  5  N- (m+n-1)  ^  (P2 


r  *  *  U i  ~ (Po).u.  /  c  .  q  •. 

)y(P2)  J  9  (ulfk(p2))*  (PfPz.kTTT)^  duL 


Now,  it  can  be  shown  that  the  series  (5.11)  converges  rapidly  and 


nf2(-l)n  I^n)|«|j[°)-j{1) 


(5.20) 


Therefore,  from  (5.17),  (5.19),  taking  we  have 


I,= 


1  N- (m+n-1) 


1  >P*(Po)Y(p)  f  *\uv 


*  u.  -ik(p  ).u 

k(p2))$  (P3-P2>fcy^j>e  du!  (5.21) 


Let 


$2(p3-P2’k(P2)=  f  <J,*(u1»k(P2))'t*(P3-P2,k-^ 

‘  *H  1 


u,  -i«P2).Ul^ 


(5.22) 


Then  (5.21)  becomes 


Ir  N-(m+n-l)  ^  <p2)Y(p2)<I>2(p3“P2’k(p2)) 


(5.23) 


Next,  let 


f  *  P3_P2 

r2=  J  h  $  (p4-p3, 

*3 


y(p2)  m+n'2 

N-(m+n-2)  *(p2’  ^  ^p*  )dp2 

k=l  k 


•  .(5.24) 


Substituting  (5.23)  into  (5.24),  by  the  similar  steps  as  above,  we  obtain 


I2~  N-(m+n-l)  "  N-(m+n-2)  Y  (p3)Y  (p3)$3(p4-p3’  k(P3}) 


(5.25) 


where 


$3(p4"p3*  k(p3))=  J  <Vu2’k(p3))$<P4*P3’fcTin  e 


u2  ik(P3).u2 


(5.26) 


Similarly 


r  =  _ — _ 

3  N- (m+n-1) 


N- (m+n-2)  N-(m+n-3)  ^  (p4)Y  (P4)<VP5~P4’  k(p4) ) (5.27) 


where 


VP5_P4’  k(p4))  = 


J  $3(u3,k(p4m(p5-p4,kr^r) 

RHo  3 


u-  ik(p,).u^ 

-A)  e  du0  (5.28) 


Continuing  this, 


'm-2-  f  TT  **(Pa.rl  (Vl'Cl'VVr  «<Vi» •  (5-29> 
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/Um-2 

$  0(u  _(u  ,,,k(p  1))<i>(Pra-Pm  i » tc-l ~|')e 

m  m-2  m-2  m-2  m-1  m  m-1  |  um_2 1 


ik((Vi>-Vz 


*3  D0O 


du 


(5.30j 


m-2 


However,  the  derivations  of  I  ,  and  I  will  be  slightly  different. 
’  m-1  m 


/ie  P  “ P  -I  I  v  k  i  / 

Jm-2  *  (VP N- (m+n- (m-T)~T  *(Pm-l’^  >dpm-l 

D  '  in  m-1  ,  1  k+m-i 

n*  K  X  f  _  O  i  \ 


y(p_ 


n+l 


(5.31) 


Substituting  (5.29)  into  (5.31),  similarly,  one  has 


m-1 

i...  i*  [  n  i  i  ^*(pm >Ym-1cp  ~p  »k(p  >> ; 

m-1  Lk=i  N-(m+n-k)'  m  ®  m  1  m  m 


(5.32) 


where 


$  (r  -P  ,(k(p  ) 
m  1  m  m 


f  u  1  ik(p  ).u  . 

)=  J  *  ,(u  nWpJlKr.-P.k-fPle  du 

m- 1  m- 1  m  1  m  u  .  I  m- 1 

„ v  ■*  ffl-i 


*3^pm 


(5.33) 


r  =  [  i  .  — 

m  J  m-1  N- 


TS&TX(P»'^  >  dDm 

,  ,  k+m 
k=l 


(5.34) 


Substituting  (5.32)  into  (5.34),  in  view  of  the  fact  that  the  field  point 
r^  is  not  inside  any  scatterer,  we  get 


m 


I  =  TT  «— ttt — TT  f  <f>*(P  ) Ym(P  )$  (r.-P  ,k(p  ))dp  . 

m  11  N-(m+n-k)  J  r  vrm  m  m  1  m’  m  m 


(5.35) 


k=l 


R, 
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Next,  we  proceed  the  later  half  part  of  the  integration  in  (5. 
Let 


Y(P-i) 
1) 


(p{, 


so  that  finally  we  get  an  expression  similar  to  (5.23) 


I  = 


N-(n-l)  ’^pPY(p2^2^f'>3_,:>2,k^P2^ ^ 


V2  N-(n-l)  ‘  N-(n-2)  ^(p3)Y  (pp <VP4-P3>k(p3) ) , 


n-2 


r;.2-  TT  *(p;.1)Y"-2(p;.1)»n.1<p;-Ci.“<p„-1)) 


k=l 

n-1 


r  1-  IT  1  <Kp;)Yn'1(p’)<Mr.,-p'  k(p'», 

nl  k=1  NlTn-kT  n  n  n  2  n  n 

n 

JA  *  H  tot 


k=l 


By  means  of  (5.35)  and  (5.36),  (5.8)  becomes 


k — k 


n 


K 


(r^ , ) 


j  .  . . .  j 
J 1  m 


m+n 

n 

k=i 


N- (m+n-k) 


J 


^*(pm)Ynl(Pn,)<J>™(ri_Pnl«k(Pm^dPm 

m  m  m  i.  m  m  m 


J  ^(p')Yn(p')$  (r.-p'  k(pf))dp'  , 

•J  n  n  n  l  n  n  n 


I 

8),  similarly. 

n-1 

f)  Dc  )dp  (5.3 ( 

Mk+1  1 

k-1 

(5.37) 

(5.38) 

,  (5.39) 

(5.40) 

(5.41) 


(5.42) 


Auto-Correlation 


When  the  two  sequences  and  {k^,...,kn}  are  completely 

conincident  with  each  other,  i.e.  m=n  and  j,  =  k, ,  j„  =  k„,  . ..,  i  =  k 

112  2  m  m, 

the  cross  correlation  function  X^i***^  (r1  ,r_)  becomes  the  auto-correlation 

1" "  4^m  1  2 


function  of  p.....;  (r)  defined  as 

J1  Jm 


K 


(rl,r2)  (rl}  (r2)}* 

J1  Jm  J1  -’m  J 1  Jm 


(5.4! 


Substituting  (5.5)  into  (5.43)  and  using  (4.22),  we  get  K.  .  (r..  ,r„) 

jl  4  4  4jm  1  2 


P,  -Pi 


■«l^Pji>l2l  r  VV^V’  V'^VV'T^T  V1 


|r<p  -P  ,  k  fo  PJ-2  .  e  ^...ir«p  -p.  ,k  Pin-l  Pjm-2  6  )| 

1  J4  J3  'pj3-pj2'  V  Jo  Jm-1  fp,  ,-p,  I  jm-l  1 


3m- 1 


m-2 


r(vv k  lif-'r1, 1 4  v  r<w k  ipf-p/  1  V1 

Jm  Jm-1  3m  3m_^ 


P  4  'Pi 


m  m 


/•••/  /■••/  *cpr)2|r  (p2-pr  k(0l),  sx) |2|r  <p3-p2.  tip  °_l  |  ,  e2)| 

D  2  1  1 


K  & 


P3-P2 


lr<v»3.  'Wi-  kir;'-f2j-  e«-i)|2- 

j  4  m-1  m-2 


r"<r  -p  ,  kP«f°m-l  .  e  )  rtr.-D  .  fcp  ■'m~1  I  .  e 
IpI-P  7 1  ”  2  "  |p.-Dm-ll  m 

m  m-i 


P  -p_  1 
m  m-l 


,  e  ). 


m 


Y(PJ 


m-i 


J  /9(0i)  N-(m-i)  X  (pi’  ^  V.,  }  dPl  4  4  4  dom  d0l  4  4  4  d0m 


(5.4 


V (r ,k)=  J  ircr.k  ,0)r/e(e)d0  , 


(5.45 


^c(r1(r2,k)  =  /  rtr^k.8)  P (r2,k,0)/Q(9)de 


(5.46 


Then  (5.44)  becomes 


-/•••/  l*2(P1)l2w2-o1.«P1))*(P3-P2.'TfiH7 

J1  m  *  1 


P2-pi 


p3‘p2 

T<P4"P3-  k]^[)  • 


P  ,-P  0 

\i/  /  _  _  «  m- 1.  tu  t  \ 

•  k  |p—  -pm  T 


(5.47 


m  Y(P.) 


,(r  -p  ,  r  -P  k  ■“  ■5~1  i)  TT  tj-7^-TnX(p ,  A  D  )dP  ...dp, 
:  1  m  2  m  i<ml  N-(m-i)  i  k=]_  pi+k  x 


Following  derivations  of  Section  5.1,  let 


C  9  Po~P-i  TCP,)  /e  Ao 

J1  ■  J  l<KP1>r»CPI-Pi.  «<>!»  f  (»3-P2.  (5-48 


•  *<V  A  V>  <■«! 


Comparing  (5.48)  with  (5.9),  one  can  see  that  they  have  the  same  form,  and 
the  only  difference  is  that  the  ip,  $  m+n  in  (5.9)  become  |^|  ,  f,  in  in  (5.48) 
respectively.  Seeing  that  the  function  $  (u,k)  attenuates  with  u  even  faster 
thanfunction  $  (u,k)  does,  and  from  (5.16), 


n  12k(P_)  »U.  rt  ry 

(P2-ux)i2  =  (P2)|2e  1|2-|«KP2)|2 

where  u  is  in  the  "effective  domain"  of  (u,k),  finally,  we  get 


(5.49 
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Jl  -  N-Cm-1)  Y(P2 


)  J  4'(u1,k (p2>)  ¥  (P3-P2,k  -|—y)  du1  (5.50) 


45o 


Let 


r  u.  i2k(P2).u^ 

V2(P3-P2,  k(p2))  =  J  f(u1,k(p0))H'(p,-P0,  k^e  du,  (5.51) 


K2’  ~  u. 


1. 


*3^0 


Then 


■'grsri)-l'l'(02)|2l'<p2)  VW  k(p2» 

Similarly,  let 


(5.52) 


m-2 


r  ,  p^-p,  y(p2)  ^  -c 

J2- 1  Ji  '"(V'V  iR^T  «e2-  r\  \+i>  *>s 


(5.53) 


n=l 


Then 


N-(m-2)  l^P3^  I  Y  P3’  k(p3)) 


2  N-(m-l) 


(5.54) 


where 


’VPA-P3’  k(p3)) 


-  / 


T2(u2,k(P3))'}'(P4-p3,  kj^y)  du2 


Going  on  in  this  way,  finally,  let 


/P_  1~P„  9  '  VK_  O' 

_  ■.<  *  .  m—  1  m-/ _ \  _ m-z 

^m-3  Pm  Pm-1’  ~[p  .  -P  ~ |  K-(m-2) 

_  m-1  m~z 

R o 


Y(P„  o) 


m 


-2 


«V2-  A  .  >  1P..2  '• 


k-1 


k+m-2 


(5.55) 


(5.56) 


=  IT  M  *  <Pm  ,) ITT  (P_  ,)¥  A P  -pm  I >  k(p  , 

N-vm-k;  m-1  m-1  m-1  m  m-1  m-1 


where 


Vt(,i'Vl’  k(Pm-l)>  ‘  J  V2tV2-kVl>),V^l-M 

Wo 


f  P  ~P„  i  Y(pm  A 

J  =  J  .  ¥  (r.-p  ,  r9-p  ,  k-r~- -T-  -  »""T~  "  *(P  , , 

m-1  J  m-2  c  1  m  2  m  P  -P  ,  N-l  m-1 


pm-pm-ll 


~Dl  >d 

Mm 


4-1  ■[It  -Too-]  i*  viV"1^  <ww  k(p„» 


where 


:(rr°m-r2-pn-  k(pi))  ’  /  Vl'Vl’  k(0»> 

S3\J0 

u  - 

4*  (rn-p  ,  r_-P  ,  k-r^~ - r)  du  , 

c  1  m*  2  m  u  -  m-1 

1  m-1 


Filially, 


f  Y(P  ) 

...jm  (r-,r  )=  J  =  I  J  — ~ —  dp 

m  Li  m  j  m-l  N  m 


Jl--*jm, 


Ka  4  (ri«r2)sf  1  (rl’r2) 

Jl***Jm  1  jl*”Jm  1  l 


TT  h  7m  FT  f  l^2(pm)|2Ym(P  (r,-Pm,r  -p  k(p  ))dp 
N—  im—  Kj  J  m  m  me  1  m  i  m  m  n 


25 


pace  Correlation  Function  of  Multiple  Scattered  Field 

By  means  of  the  system  decomposition  method  in  the  spatial  stochastic 
ystem  theory  [1],  it  can  be  proved  that  the  space  correlation  function  of 
he  multiple  scattered  field  p(r) 

£p(rl,  r2)  -  ^tpMr^pCr^}  (6.1) 

an  be  expressed  in  terms  of  the  space  cross  correlation  function  of  the 
luccessive  scattered  field  as 


N 

oo  oo 

Vrl’r2)=  Z  Z  E 

P  1  *  m=ln=l  j=l 


N  N  N  k  .  ..k 

*  E  .  .Z  •*:  E  X  1  .n(r1 ,r„) 

V1  k  ~L  V*0m  1  Z 


j  ^  i-2 , .  ■  •  jQi}  k^kp  ^  y  1-2  ,  •  »  •  ,  n  * 


t  l-V 


(6.2) 


rhis  is  a  general  relation.  Here  the  set  {j^,  j2,  ...,  jm)  and  the  set 

{k^,  k2’  ^n^  can  over-*-aP  each  other,  i.e.  the  intercept  (k^,  ...k^} 

•••>  jn)  is  not  necessarily  to  empty  set;  and  inside  the  set  (j^,  ..., 

j  },  the  elements  can  be  the  same,  or  can  be  repeated  any  number  of  times, 
m 

provided  that  all  the  pairs  of  adjacent  elements  are  all  different;  and  so 

Joes  the  set  {k, ,  ....  k  }. 

1  n 


Now  let  us  divide  K  (r, ,  r„)  into  three  parts: 

p  1  2 

Kp(rl-r2>-Xpa)<rl-r2)+,fpb,<rl-r2)+'tpC)<,:l’,:2)' 
y(a)  , 


(6.3) 


where  AP  7 (r^,r2)  denotes  that  part,  which  consists  those  terms  in  the  summation 
(6.2),  where  the  sequence  (j^,  ...,  j^}  and  sequence  {k^,  ...,  kn}  do  not 
overlap  at  all,  or  do  not  have  any  common  element  as  shown  in  Figure  9,  i.e. 


,  y  N  N  N  N  k..  . .  .k 

*p  <Vr2>-Jl  Jl  jil  ‘"j  h  kW"  kE-l  ...j”(V'2> 

m  1  n  l  m 


•*. -VjA 


‘  ^  " 


.  <*.y. 


>V 

■  ■!  -  1 
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j  ^  9  i-2 ,  •  •  •  ^  2,  • .  •  ,n 

{j 1» • • • *  3m^  {k1,...,kn>  =  0  . 


(6.4) 


c) 


(r^.r^)  denotes  that  part,  which  consists  of  those  terms,  where  the 
quence  }  and  sequence  {k^-.-.k^}  completely  coincide  with  each 

her,  as  shown  in  Figure  10. 

r  }  (r,,r0)  =  Mj.  ...  ,  ...  1  .  j.  .  ..jnUl*  2; 

p  12  m=l  n=ljjj=l  jm=l  k  =1  1^=1  1  m 


ji^i-l  1  2’  •••’  m*  k£^k£-l’  l~2 . n 


m=n,  j^=k^>  i=l,2,...m. 


oo  N  N  Jl---:im, 

=  Z.  I.  .....  IK  s  (r.,r  ) 

m=1  jr1  Jm-l  Jl“'Jm  1  2 


i=2»  •••»  m 


(6.5) 


,(b) 


he  part  a  (r  r  )  denotes  the  sum  of  those  terms,  in  which,  the  sequence 
P  12 

j ,,...,  j  }  and  {km  ...,  k  }  are  partially  overlapping.  In  the  next  part 
1  m  1  n 

f  this  paper,  it  will  be  shown  that  this  part  k  ^  (r  >  r  )  can  be  neglected 

P  1  1 

nd  the  error  of  this  neglect  will  be  estimated. 


erivation  of  k  (a)  (r,,  r0) 
P  1  2 


In  the  derivation  of  k  (a)  (r  ,  r  ),  we  neglect  the  contribution  of 

P  12 

hose  terms,  where  (i,,  j  }  or  (k, ,  k  }  have  repeat  element, 

l  m  1  n 

ust  as  Twersky  did  [11].  [The  correctness  of  this  neglect  has  been  shown 
iy  Twersky.]  Thus,  from  (6.4),  we  have 


,  .  N  N-m 

K(a)( r-.r.)  =  Z  Z  N(N-l) (N-2) . . . 
P  1  2  m=l  n=1 


(N-m+1) (N-m) (N-m-1) . . . (N-mO(nOl) ] . 


N  N-m  m+n  k1  k 

=  _ll  {  IT  [N-(nri-n-k)  ] }  K  *’*  n(r  ,r), 

i-  n  1  ■»  j  n  •  •  •  J  12 

K- 1  1  m 


)r 


N  N-m  r 

=  E.  Z,  / 

m=l  n=l  J 


V  (P)  “(p)4  (r .-p,k(p))dp 
m  l 


vl'(p,)Yn(p,)$  (r,-p\k(p’))dp' 

n  2 


(6.6 


tfhen  N  >>  1,  the  upper  limits  of  the  summation  in  (6.6)  can  be  replaced 
be  infinity,  and  (6.6)  becomes 

^pa)(rl’r2)  =  nil  nil  /'/(P)Ym(P)<(r1-p,k(p))dp 

^3  (6.7 

•  /  'KP')Yn(p')$  (r  -p',  k(p ' )  )dp ' 
i?3  n  Z 

This  is  the  required  general  expression  of  the  first  term  of  the  space 
correlation  function  of  the  multiple  scattered  field  when  the  incident 
field  is  a  monochromatic  wave  'Mr).  Clearly,  the  evaluations  of  the  function 
^m*  will  be  the  main  problems  in  finding  k^  (r^,  r^) .  Now  we  are  going 
to  proceed  with  this  calculation. 
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Because  throughout  this  paper,  the  frequency  of  the  incident  wave  is 
fixed,  the  function  4>(u,  k(p))  can  be  defined  in  another  form  $(u,  n(p))  or 


simply  $(u,  n) ,  where  n(p)  is  the  unit  vector  in  the  direction  of  k(p) . 

Thus,  (5.22)  can  be  changed  to 

^  u  w 

•f2(u2,n(P2)>  •  /  »(u  ,n(P2))t(u2,  e17n(p2)'ul  du.  (6.6 

Wo  1 

Research  shows  that,  for  a  single  scatterer  with  any  shape  and  for  any 
incident  frequency,  the  function  $(u,n)  is  always  separable,  (far  field 
approximation)  i.e.  $(u,n)  can  be  written  as  the  form 


•Ku^.n)  *  J*?(u1)A(ni,n) 

where  u^  =  |u^|,  and  n^  »  u^/  Ju 

2 

into  (6.6)',  and  using  du^  *  u^ 
(see  Figure  10),  we  get 


(6.7 

|  is  a  unit  vector.  Substituting  (6.7)' 

dfi  du-i ,  where  dft  is  the  solid  angle  element 
nl  i 


<&2(.u2,n(.P2))  =  If  y(u1)A(n1,n(P2))V(u2)A(n2>n1) 


Q  E(  n  ) 


,u> 


i— n(p0) *n,u,  u,  dft  du. 
ec  2  111  n^l 


=  W( u2)  J  A(n1,n(P2))A(n2,n1) 


Q 


r  f  9  i?fn(p7)  .n  u 

[  l  "W  ui e  dui]  dn0l 


ff(nL) 


(6.3 


where  ft  is  the  whole  solid  angle  space,  E(n)  is  the  set,  which  consists 

of  those  points  in  the  direction  of  n.  and  outside  the  region  D  .  The 

1  o 

integral  limit  usually  can  be  replaced  by  the  simpler  form 

if  every  half  radial  line  has  only  one  intersection  point  with  the  surface 

of  region  D  . 


Obviously,  the  integral  in  the  square  brackets  in  (6.9)  is  a  function 


of  n^  and  n(p^) ,  and  is  independent  of  u^.  Therefore,  let 

U(ni,n(p2))  =  /  f/(Ul)  u*  eicl(P2),nlUl  dUj. 

E(.nx ) 

and  (6.8)  beco&es 


$2(u2,n(p2))  =  i/(u2)A2(n2,n(P2)) , 

where 

A2(n2,n)  =  J  A(n1,n)£/(n1,n)A(n2,n1)  d&n  , 

R 


A2(n2,n)  -  J A1(n1,n)A(n2,n1)  df^,  *  (A^SA)  (n2  ,n) 

R 


if  we  let 


(6 


(6 


(6 


(6 


A^(n^,n)  =  A(n  ,n)  y(nL,n). 

If  the  integral  in  (6.12)  is  called  "angular  convolution  of  and  A, 
and  denoted  by  symbol  *q,  then  (6.12)  can  be  written  as 

h2  -  \  V  -  (Atf)  V 

Substituting  (6.7)  and  ©.10)  into  (6.14),  using  the  similar  steps,  finally, 
we  get 

4>3(u3,n(p3))  =  W( u3)A3(n3,n(p3)) , 

where 

A3(n3,n)  =  y^A2(n2,n)i/(n2,n)A(n3,n2)  dR 

R 


[(A,£/)*  A](n,,n) 


or 


A3  =  (A2U)*d  A’ 

A3  =  {[(A£0*e  A]£/}*Q  A, 


(6.17) 


(6.18) 


Similarly,  it  can  be  proved  that 


$4(u4,n(P4))  =  W(  u4)A4(n4,n) 


(6.19) 


\  =  (  {  [  (  { Ai/}*QA)  U]  *0A}J/)  *A 


(6.20) 


going  on  in  the  same  way,  until  m,  we  get 


$  (u  ,n) 
m  m 


=  W( u  ) A  (n  ,n)  , 
in  m  m 


(6.21) 


(n  ,n)  =  [a  1  (n  n)£/(n  ,  n)A(n  ,n  )d^ 

i  m’  J  m-1  m-1,  m-1,  m’  n  . 

* 


(6.22) 


Am  =  ( •  •  •  ( A£/)  *QA)  U)  *0A)  •••£/)  *QJ 


(6.23) 


Let  us  define  a  linear  operator  L  such  that 


L  f  =  (fW*@A 


(6.24) 


A  -£•••£  A  -  Am-1A 

m 


(6.25) 


In  the  separation  expression  of  $,  (6.7),  W(u^)  is  called  attenuation 


function,  and  A  (n^,n)  to  be  dimensionless  and  normalized,  that  is 


J"  A(n3,n)dQn^a 


(6.26) 


Now  let 


A  *  ]  j f/(u^)  |u*  du^ 


Then  from  (6.9), 


|(/(n^,n)  |&4,  V  ,  nefi 


Def ine 


^.n)  *  J  J  n,niui  duL 


E(  nx) 


£/q( ni.n)  *  j  i/(n1,n)  (/(njOWi^Oi^.n) 
Then  £/g(n^,n)  is  dimensionless  and 


|i/0(nltn)  |*|  V  n.nefi 

We  define  another  linear  operator  £  such  that 


V  ■  <V>  *e 


£f-A£( /  (6. 

A  =  a”1'1  “_1A  (6. 

m  0 

*  (u  ,n(p  ))  =  ,n(p  ) )  (6. 

mm  m  mu  mm 

With  the  help  of  (6.26)  and  (6.30),  from  (6.12),  (6.13),  (6.16),  (6.22) 
and  (6.33),  it  can  be  proved  that 


)A„(n-n)dfi  s  4,  V  n  efl, 
•  i  i  n- 


(6.36) 


I A3<n3,n)dQn  £  A2,  V  neft, 
fi  3 


fA  (n  n)dfi 
J  m  m.  n 
•*  1  m 


U1'1  y  nefi 


(6.37) 


Therefore 


fa“-lA)(«  „)dan  tt  ,  V 

1  m 


nefi 


(6.38) 


m-1 


This  shows  chat,  X™  is  a  bounded  operator  when  nr*00,  and  the  norm  Xq 
A  is  also  bounded.  On  the  other  hand,  convolution  always  expands  the  domain 
of  the  function  and  makes  it  more  uniform  and  flat.  Successive  convolution 
always  makes  a  function  more  and  more  uniform  and  finally  makes  it  tend 
to  a  constant.  Therefore,  it  is  reasonable  to  regard  XQm  *  A  as  a  constant 


lim  I  m-1. 

r.  A  =  a 
nr*°°  0 

and  (6.34)  becomes 


(6.39) 


<Mu  ,n(p))  =  a  1  J/(u  ).  (6.40) 

rrr*°°  mm  m 

Applying  (6.34)  to  (6.5),  finally,  we  get 


^a)(r  r)=E  If  ^(p)Am_V*(|n-p|)a™"1A)*(^rr  n(p)  )dp 
p  1  L  m-1  n-1  3  u  ln  H 

/  ■P(P,)vn(p')4n~V|r.-p,|)(X!?"1A)(1i3~P'-,|  ,  n(p ' ) )  dp’ 


(6.41) 


This  is  the  final  required  result.  From  this  expression,  it  is  easy  to  see 

that,  the  convergence  of  this  infinite  series  mainly  depends  on  the 

attenuation  function  W(u)  of  each  single  scatterer  and  the  volume  density 

function  v(p)  of  the  scatterers  in  view  of  the  convergence  of/.m,  and  the 

o  A 

expression  (6.27)  of  A. 


Derivation  of  kv  ‘ (r, ,  r.)  and  k  (r.,  r„) 
_ 2 _ i  i _ p  l  i 


In  deriving  k^ 
P 

terms,  where  {j^,  ••• 


(ri*  r^) ,  and  also  neglect  the  contribution  of  those 
j  }  has  repeat  elements.  Then  from  (6.5), 


K 

P 


N 

(r.,  r.)  =  l  K.  .  (r.,  r.) 

1  1  m*l  .  3 i* • • Jm  1  1 


N  m  v 

=_£,  {  [if-(m-k)]}  K,  .  (r, ,  r2). 

m— 1  k=l  Jl***3m 

Substituting  (5.63)  into  (6.44),  changing  N  into  00  in  the  upper  limit  of 
summation  for  sufficient  charge  N,  we  have 


X(c)(rlt  r2)  ™  l  JR  | »1»(P)  1 2ym(p)H'  1  (r.-p,  r~-p,  k(p))  dp  (6. 

p  x  m*»l  me  i  ^ 

Because  in  this  paper,  only  monochromatic  waves  are  considered,  so  the 
variable  k  can  be  replaced  by  the  unit  vector  n  =  k/k  in  the  function  T 
(u^,  k,  0).  Usually  T  (u^,  n  0)  is  separable,  i.e.  one  can  set 

r  (uj^,  n,  0)  =  J^u^  Ag  (n^,  n,  0),  (6. 

where  AQ  (ni ,  n,  0)  is  dimensionless  and  normalized  and  n,  =  u./u,  u,  =  u 
H  x  1111 

Substituting  (6.46)  into  (5.45)  and  (5.46),  one  has 


^(u^  n)=  |^(U]L)  | 2  L  (n^,  n), 

^(ly  u2,  n)  =  ^(Ul)  ^(u2)  ( n^ ,  n2,  n) , 

where 


L  (n^, 

Vnl’ 

From  (5.7) 
A(n  , 


n)  -  /  I  Afl (n  ,  n,  0)  |  2  /  (8)  d6, 

n2»  n)  =  J  A*^,  n,  6)  A(n2>  n,  9)  /g(9)  d9 

and  (6.7)’,  we  have 

n)  =  i  Aq  (n1 ,  n,  9)  /fl( 9)  d0 


(6. 


(6. 


(6. 


(6. 


(6. 


Applying  (6.47)  to  (5.51),  one  has 


4'2(u2>  n(p2))  *  )(W(u1)|2  L(nlfn(p2)  |f/(u2)|2  L( 

u2  dfa^  du1  =  |W(u2)|2  L(n^,  n(p2))  L(n2>  n.^)  . 

•[Ie( ■n1)ly(ul)!2  U1  dul]  ^l 

Let 

-/stnpl^Vl2  “1  d“l 

The  (6.52)  becomes 

V2(u2,  n(p2))  =  |i/(u2)j2  L2( n2,  n(p2)) 

where 

L2(n2,  n)  =  L(n^,  n)  ^(n^  L(n2>  n  )  dfh^ 

Let 

L1(n1,n)  =  n)  V  (n^  . 

Then 

L2(n2>  n)  ~  n)  £(n2’  nj_)  dftn  =  (L^  *0  L)(n2, 

and 

Ll  =  Ll\L-  <^>  *0  * 

By  the  similar  way,  with  Section  6.1,  one  can  get 
^(u^  n(p3))  *  |V(u3)j2  L3(n3,  n(P3)) 

where 

L3(n3,  n)  =  Jq  E2(n2,  n)  l^(n2)  L(n.j,  n2)  dJ)n2  (6.59) 


L3  =  (L2V)  *0  L  =  { [ (LV)  *0  L]  V)  *e  L 
Going  on  in  this  way,  finally,  we  get 


ntP™.,)  -  |*(u  ,)|  i  ,(n  n(p  _)), 

m-1  m-1  m-1  m-1  1  m-1  m-1  m-1 


where 


£  7  (n  . ,  n)  -  J  L  „(n  »,  n)  V  (n  )  L(n  , ,  n 

m-1  m-1  JQ  m-2  m-2  m-2  m-1  m-1 


Vl  =  *0£)  7)  *QL)  ‘"v)  *e  L 

m— 1 


Define  a  linear  operator  Jfl  as 

Mf  -  (V/)  L 


L  ,  =  ./*?  •  •  •/*?£  =^»tm  2L 
m_1  '~"ii?-2 

Substituting  (6.61)  and  (6.48)  into  (5.61),  we  have 


vu;- ^ 

*4  r(V/<vi>'|!Vi(vi' 

^.(n’  n"  n  )  ei2c  n(Pm)  "m-l^-l  u 2  dOn  .  .  d 
Am  m  m—  l  m—  1  m- 1 

‘  “‘K'  "'V  4  Vi'Vr  "«>.»  ^  <Vi»  •  *A<n: 

£k(n',  n’,  n)  •  K,\(n‘ ,n"’  n 

■  KVi10  *e  ^a1  <"’•  »> 
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Then 


V  (u',  u"  n(p  ) )  =  J7*(u')  J/(u")  L  (n*  n"  n(p  )),  (6.68) 

me  mm  m  m  m  k  m  m  m 


Lk  "  t(A^'2D^]  *'Q  Kk 


(6.69) 


Here  *g  is  called  angular  convolution  of  the  second  kind,  and  defined  as 

<p^  (n>  f  n"  j  n)  =/^^1(n1,  n)  ^?(n',  n",  n^  dS^  (6.70) 

Applying  (6.68)  and  (6.69)  to  (6.45),  using  (6.3),  (6.14)  and  the  analysis 
about  A^^(r^,  r^)  we  get  the  final  result: 

*  (rl’  r2)  =  Z  ^  |i[/(p)  |  2ym(p)  W*  ( 1  rL-p  | )  W  (|r2~p|) 

p  m=l  3 

.{[^lm"2L)y]  *'Q  Ka }  (|^-|-  ,  |^p|  ,  n(p) )  dp  +  M*  (rx)  (6.71) 

where 


«r( r)  =  ?  /  ^(p)Ym(p)71n~1{/(|r-p|)(Lg'1  A)  (^=2^  ,  n(p))  dp 


(6.72) 


If  we  define  normalized  attenuation  function  W  (u)  and  normalized  V  function  as 

o 


‘o(u)  ■  I  w(u)  •  VV 


(6.73) 


and  normalized  linear  operator  A/  as 


■'V  ■  <v>  *9  1 


(6.74) 


then 


Vnl'n)  =  -^(n^W1^!  dul 

A 


(6.74) 

(6.75) 


and  (6.71)  and  (6.72)  become 


*  *  < 
'/•■"I 


*  >  .*•  *  '  .*•  .*■  V-  , 


•  1  mkmi  rn  h+M 
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Vri*  r2)  A2™  l^lVV)  w*  (l^-pD^drj-pl 

v  m=l  -* 

•U«r  ««-0l  *5  ka* (fSpy)  •  T§ppi  •  ”<0))  »e+«*<")«p('2)  <6'76> 

where 

Wp(r)  =  ?  /I  lR  ^(p)Ym(p)^0(|r-p|)  (£q_1A)  (j~^j  .  n(p);dp  (6.77) 

It  can  be  proved  that  M _(r)  is  just  the  mathematical  expectation  of 

r 

random  field  p(r),  ie 

M  (r)  =  £ (p(r) }  (6.78) 

r 

Setting  r^  =  r„  *  r  in  (6.76),  we  get  the  general  expression  of  entensity 
of  multiple  scattered  field  defined  by 

M(J}  (f)  =£{p2(r)}  -  K  (r,r)  (6.79) 

p  r  p 

Seeing  that 


^(n^n  ,n)  =  L(n  ,n)  ,  (6.80) 

We  get 

Mp2)(r)  k(P)lYm<P)IVlr~Pl)|2 

- (V*lo_lz')  (fSpT  ’  n(p))  dp  +  lwp(r)l2  (6-81) 

Expressions  (6.76),  (6.81)  and(6.77)  are  the  general  expression  of  the 
space  correlation  function,  intensity  and  mathematical  expectation  of  multiple 
scattered  field  p(r)  (complex  amplitude)  respectively. 

We  can  prove  that  the  linear  operator  .At^is  also  bounded  as  nr**3,  and 


llmj< 

nr+oo 


m 

0 


L  = 


b, 
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b  is  a  constant,  which  is  independent  of  n^  and  n.  Therefore,  the  convergence 
of  the  summation  in  (6.76)  and  (6.81)  mainly  depends  on  the  density  function 
y(p)  and  the  constant  A  (which  is  just  similar  or  proportional  to  the  so  called 
"scattering  cross  section") . 


Conclusion 


The  general  expressions  of  the  space  correlation  function,  intensity 
and  mathematical  expectation  of  the  (complex  amplitude  of)  multiply  scattered 
field  caused  by  randomly  distributed  scatterers  of  any  shape,  any  volume 
density  distribution  and  any  orientation  distribution,  excited  by  an 
arbitrary  monochromatic  incident  wave  are  obtained  and  shown  in  (6.76), 

(6.81)  and  6.77)  respectively.  These  expressions  in  their  series  form 

show  the  dependence  of  the  space  correlation  function,  intensity  and  mathematical 

expectation  of  multiply  scattered  field  on  all  of  the  following  factors: 

1.  the  complex  amplitude  of  incident  wave  <Kr) , 

2.  the  volume  distribution  density  of  scatterers  v(r) , 

3.  the  constant  A  defined  in  (6.27)  and  (6.46),  which  denotes  the 
scattering  cross  section  of  each  scatterer  and  the  total  attenuation, 

4.  the  directivity  function  Aq  (n^,  n,  6)  [see  (6.46)]  through 

A  (n1?  n)  [see  (6.51)],  L  (n  ,  n)  [see  (6.49)]  (n^,  n2>  n) 

[see  (6.50)],  and  the  linear  operators  Lq  and defined  by  (6.74), 
(6.73),  (6.53),  (6.31),  (6.29)  and  (6.9),  and  finally 

5.  the  attenuation  function  W  (u)  defined  by  (6.73)  and  (6.46), 

o 

where  the  angular  convolution  operation  *q  and  *'g  are  defined  by  (6.57) 
and  (6.70)  respectively.  As  long  as  these  factors  are  given,  the  space 
correlation  function,  intensity  and  mathematical  expectation  of  the  multiple 
scattered  field  can  be  calculated  through  a  single  summation,  a  single 
volume  integration  and  a  successive  convolution  operation. 

The  space  correlation  function,  the  intensity  and  the  mathematical 
expectation  of  the  multiply  scattered  field  strongly  depend  on  i)  the  volume 
density  function  Y(  r)  of  scatterers  and  ii)  the  constants  A  (including  the 


2- 


1.  INTRODUCTION 

At  any  point  in  a  random  medium,  the  total  wave  fields  can  be  considered 
as  a  sum  of  two  components,  viz,  a  coherent  or  an  average  wave  and  an  in¬ 
coherent  component  due  to  change  in  scatterer  positions  and  states  from 
configuration  to  configuration.  The  averages  of  the  square  of  magnitude 
of  the  coherent  and  incoherent  fields  are  called  the  coherent  and  in¬ 
coherent  intensities,  respectively.  For  a  plane  wave  incident  on  a  medium 
containing  a  random  distribution  of  scatterers,  the  coherent  intensity 
attenuates  due  to  scattering  and  absorption.  Incoherent  scattering 
effects  introduce  'noise'  into  the  system  and  cause  fluctuations  in  the 
coherent  amplitude  and  phase.  In  many  practical  applications,  it  is 
important  to  assess  the  incoherent  scattered  intensity  relative  to  the 
total  intensity  in  order  to  relate  theoretical  and  experimental  results. 
Propagation  of  the  coherent  wave  is  generally  expressed  in  terms  of  a 
bulk  propagation  coefficient  characterizing  the  scatterer  filled  medium1 
Incoherent  effects  are  usually  determined  by  solving  'approximate'  integral 
equations  or  by  solving  special  forms  of  the  radiative  transfer  equations? 
Such  formulations  are  generally  valid  under  conditions  of  sparse  concen¬ 
trations  and  for  weak  multiple  scattering  for  either  Rayleigh  scatterers 
or  large  scatterers  which'  scatter  primarily  in  the  forward  direction.  To 
overcome  such  limita' ions,  a  propagator  model  has  been  presented  for 
studying  both  coherent  and  incoherent  intensities  in  Ref.  8.  Lax's  quasi¬ 
crystalline  approximation  (QCA)  with  suitable  averaging  techniques  and 
the  T-matrix  of  a  single  scatterer  has  been  employed  in  the  analysis. 

Pair  correlation  functions  generated  by  Monte-Carlo  simulation  have  been 


used  in  the  computation. 


ABSTRACT 


This  paper  treats  discrete  scatterers  randomly  distributed  in  a 
host  medium  as  a  random  medium  with  discontinuous  property.  First,  the 
wave  equation  with  random  discontinuous  coefficient  is  reduced  to  a 
random  integral  equation  of  Fredholm  type  and  its  solution  is  obtained 
in  terms  of  Neumann  series.  Then,  the  expressions  of  the  mean  value, 
mean  square  value  and  the  space  correlation  function  of  the  scattered 
field  are  obtained  in  terms  of  the  space  correlation  function  or  space 
spectrum  of  the  random  field  3(r,u))  which  depends  on  the  properties, 
shape,  size  and  concentration  of  scatterers  and  the  properties  of  the 
surrounding  medium  For  spherical  scatterers,  the  space  correlation 
function  is  obtained,  and  the  mean  square  value  of  the  scattered  field 
is  expressed  as  a  function  of  concentration  of  scatterers.  The  results 
obtained  by  the  present  theory  are  compared  with  some  available 


experimental  results. 
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contribution  of  the  "scattering  cross  section  and  the  attenuation)  of 
each  single  scatterer,  and  weakly  depend  on  the  directivity  function  A 
(n^,  a,  9)  of  each  scatterer.  In  other  words,  the  size  and  density  of  the 
scatterers  play  much  more  important  role  than  the  shape  and  orientation. 
This  is  reasonable  from  the  physical  concept. 


3 


In  this  paper,  we  propose  an  alternative  approach  of  adopting  a 
contemporary  field  of  mathematics  in  solving  the  classical  problem 

of  discrete  random  media.  We  treat  the  discrete  random  media  as  a  random 
medium  with  discontinuous  property.  First,  the  wave  equation  with  random 
discontinous  coefficient  is  reduced  to  a  random  integral  equation  of 
Fredholm  type  and  its  solution  is  obtained  in  terms  of  Neumann  series. 

Then,  the  expressions  of  the  mean  value,  mean  square  value  and  the  space 
correlation  function  of  the  scattered  field  are  obtained  in  terms  of  the 
random  field  B(r,ai)  which  depends  on  the  properties,  shape,  size  and 
concentration  of  scatterers  and  the  properties  of  the  surrounding  medium. 

For  spherical  scatterers,  the  space  correlation  function  is  obtained,  and 
the  mean  square  of  the  scattered  field  is  expressed  as  a  function  of 
concentration  of  scatterers.  The  results  obtained  using  this  approach 
are  also  compared  with  some  available  experimental  results. 

The  advantage  of  the  present  approach  are  :  a)  it  is  applicable  over 

a  wide  range  of  concentration  of  scatterers  (from  very  low  to  closest 

packing),  b)  the  scattering  property  of  a  single  scatterer  is  not  needed; 

the  discontinuous  stochastic  field  B(r ,w)  and  the  space  correlation  function 

Kg(r,u))  play  important  role  which  depend  on  the  shape  and  size  of  each 

scatterer  and  the  concentration  a  of  scatterers.  For  simplicity,  we  first 

present  the  theory  only  for  scalar  problem.  The  vector  problem  will  be 

studied  in  our  subsequent  reports.  For  general  electromagnetic  wave 

q 

scattering  problem,  we  follow  the  steps  outlined  in  Varadan  . 


2.  DISCONTINUOUS  STOCHASTIC  FIELD  8(r,w) 


We  consider  a  random  distribution  of  a  large  number  of  identical 
correlated  scatterers  embeded  with  a  region  R  in  a  homogeneous  matrix  medium 
The  wave  speeds  in  the  scatterer  and  the  matrix  are  denoted  by  c^  and  c^, 
respectively.  Let  S  denotes  the  region  occupied  by  a  scatterer.  If  we 


define  the  random  field  c(r , oj)  , re  R  ,  u)€fi  as  follows 


-  fci  *  r  € 

!(r’u)-U  * 


r  e  s 
s 


(1) 


where  R^  is  ordinary  3-dimensional  space,  R  is  the  probability  space,  then 
the  total  wave  field  p(r,oo,t)  will  satisfy  the  random  wave  equation  with 

•f 

random  coefficient  c(r,cj)  : 

2  -+  i  92 

V  p(r,oj,t) - y— -  - j  p(r,w,t)  =  0  (2) 

c  (r,to)  8t 

—► 

Here,  the  position  vector  r  can  either  be  inside  or  outside  the  scatterer. 

We  assume  that  the  size  of  R  is  much  larger  than  the  size  of  each 
scatterer,  and  c(r,u))  is  a  homogeneous  (stationary)  stochastic  field  in  R. 
The  one  dimensional  probability  distribution  density  c(r,u>)  may  then  be 
given  by 

f  (x,r)  =  06 (x-c)  +  (l-o)S(x-c  )  =  f  (x)  (3) 

c  1  l  c 

where  <5  (  )  is  the  Dirac  Delta  function  and  o  is  the  concentration  of 

scatterers. 

Now,  we  define  another  discontinuous  stochastic  field  B(r>oo)  as  follows 

2 

-V  CQ  -+ 

6(r,u>)  =  - -y—  -  1  ,  r€  R  (4) 

c  (r ,w ) 

where  c^  is  a  constant  defined  by 

u  2  .  ,  2  ,1/2 

c_  =  c ,c9/(  oc,  +  (l-a)c  ) 


(5) 


Physically,  Cq  is  some  kind  of  mean  value  of  c(r,w).  Then,  it  is  easy  to 
show  that  the  mean  or  expected  value  of  |3(r,u>)  is  zero,  i.e.. 


and 


E  {$(r,w)}  =0  ,  V  r  €  R  (6) 

P 


6(r  ,(d) 


-> 

r  €  S 
r  4  S 


(7) 


where 

6j_  -  (l-a)(C2  -  cJ)/(  gc22  +  (l-o)cj) 

(8) 

62  =  a( cj  -  c2)/(  ac2  +  (l-a)cj) 

The  one  dimensional  probability  distribution  density  of  8(r,u))  may  be 
written  as 


ffl(x,o)  =  o6(x-6.)  +  (l-o)6(x-B,)  =  f  a (x)  (9) 


3.  NEUMANN  SERIES  SOLUTION  OF  STOCHASTIC  EQUATION 


Let  PgCr.t)  denote  the  solution  of  the  non-random  wave  equation 


y2p0(r,t)  =  (1/Cq) (32p(r , t)/3t^) 
Then,  the  Fourier  transform  of  Pg(r,t) 

p0(r,v)  =  C  p0(:?*t)e"ivtdt 

satisfies  the  non-random  Helmholtz  equation 

V2P()(r,v)  +  k2pQ(r,v)  =0  ;  k  > 


>/cr 


We  define 


P1(r,t,oi)  -  p (r , t ,oj )  -  Pq(t , t) 
P^r.v.w)  *  /”  p^.t.oOe  ±vtdt 

p(r,v,u>)  =  /°°pCr»t*l))e-^Vtdt 


(10) 

(ID 

(12) 

(13) 

(14) 


which  yield 


P(r,v*j)  -  P0(r,v)  +  Pj^.vxjj)  (15) 

Using  these  definitions  and  taking  Fourier  transform  of  Eq.(2)  with 
respect  to  t,  we  get 

-(V2+  k^p^.v,^)  =  k2g(r>(Jl))  p0Cf,w)  +  p1(r,v,w)  (16) 

the  solution  of  which  may  be  written  as 

P1(r,v,aJ)  =  /(e"lklr  “  -  ?' | )k2g(?'  “)pQ(r \v)dr ' 

+  ^e"ikl  r  "  -  r '  j  )k2g (f  ,a))p1  (r '  ,v,w)dr ' 

This  is  a  stochastic  integral  equation  of  Fredholm  type^’^  since  it  can 
be  written  xn  the  form 

Pj.fr.v*))  =  (r  ,v  »o) )  +/  K(t,tVv -w)P1C^,»v»a))^'  (18) 

R 

where  the  forcing  function  and  the  kernel  K(t,'t',v,w)  are 


(17) 


defined  by 


8 


I  K 

i . 


i  I 

i  i 


» 


4.  MEAN  VALUE,  MEAN  SQUARE  VALUE  AND  SPACE  CORRELATION  FUNCTION 
OF  SCATTERED  FIELD 

a)  Mean  value 

-V  — V 

Let  M  (r,t),  M.(r,t)  denote  the  mean  (expected)  value  of  p,  (r,t,uj). 

Pi  V  1 

-V  i 

'{’(r,t,aj),  respectively,  i.e., 

M  (r,t)  =  E{p  (r,t,oj)}  ,  M  (r,t)  «  E^r.t.U)}}  (28) 

P-^  1  V 

The  expected  value  of  the  scattered  field  p^(r,t,u)  may  be  written  using 
Eqs.(25)  and  (28) 

M  (?,t)  =*  M.(?,t)  +  (1/2tt)  ?  //”e{k  (r,r\ v.wm^v.uOe^d?'  dv  (29) 

p  ^  m=l  m 

Since 

E(8(r',U))}  -  0  v  re  R  (30) 

we  see  that 

E{8(r,t,w)}  =  0  (31) 

The  first  term  in  the  series  given  by  (29)  can  be  expressed  as 


2tt 


Iff. 


oo  e 


-ikr  -  r’ 


a-ik j r ’  -  r"| 


4tt  |  r  -  r '  |  4tt  |  r '  -  r  ’ '  | 


kHKg(r’  -  r' 


'  )p0(r",v)eiVtdr 'dr"dv  (32) 


where 

K  (?'  -  r")  =  E{6(r'  ,oj)  8(r>' .w)  }  (33) 

is  the  space  correlation  function  of  g^»w)*  If  Is  isotropic, 

then  Kg(r'  -  r”)  =  Kg(  | r '  -  r”|). 
b)  Space-time  correlation  function 

From  Eq.(26),  one  can  get  the  general  expression  of  the  space  time 
correlation  function  of  the  scattered  field  given  by 

K  (r^,?2>  =  E (p^(?j , t ^ (?2 » ^2 ’ J 

*Sjj(rl,r2’tl,t2^ 

+(1/2it )/  /”  E{4'tr1,t1,t0)r(r2,t '  .v  »o))eiVt2  d^'dv 

+(1/2*  )£  /”  vtt'^^Je'^hdr'dv 


(34) 


+(1/  2 V  'Hleolco  E^r  (r1,r|,v1,u))4''  (r^.v^taOr^.r^.v^w) 

x¥(^2  , v2  ,w)  e"f-VltleiV2t2d?:[d^dvidv2 

where 

K^(r1,r2,t1,t2)  =  E{'F*(r1,t1,o))4'(r2,t2,o))}  (35) 

and  1  1  denotes  conjugate.  From  Eq.(24),  one  could  write 
EfT  (r1,t1,o))r(r2,r'  ,v,U3)H'(r'  ,v,03)  } 

=  E  E{4'*(r  ,t.  ,oj)K  (r  ,r '  ,v,oj)>{,(r '  ,v,0))  (36) 

m=l  11  m  z 

In  Eq.(36),  the  first  term  (m=l)  can  be  derived  using  Eq.(19)  and  (20) 
as  follows 

E{H'*(r1,t,u))K(r2,r'  .v.wWr'  ,v,u))} 

.  (l/21r)i;//;[e1V'IV",l/c0  e>lv!r2-?,|/c0  e-lv|?*4"«  |/cQ  .6 
/(4tt)3  l^-r" '  |  jr2-r’  |  |  ]v’2vV(r",v’)p0(?"'  ,v) 

E{B(?,,O))3(?,,,O3)0(?,,,,O3)}  e'iV?tl  d?"d?’”dv’  (37) 

Similarly,  other  terms  in  Eq.(36)  can  be  expressed  as  the  integral 
consisting  of  higher  order  moments  of  stochastic  field  8(r,o)). 
c)  Mean  square  value 

The  mean  square  value  of  the  scattered  field  p^(r,t,oj) 

M^2)  (£,t)  =  E{jp.  (?,t,o))|2}  (38) 

P1  1 

can  be  obtained  directly  from  the  space-time  correlation  function  of 

the  scattered  field  by  setting  and  t^  =  t^9  i.e., 

M^(r,t)  =  K  (r,r,t,t)  (39) 

P1  P1 

It  is  to  be  noted  that  the  mean  value  of  the  scattered  field  is  always 
much  smaller  than  its  root  mean  square  value,  and  also,  in  practice,  only 
the  mean  square  value  is  measured. 


5.  SCATTERING  OF  CONTINUOUS  INCIDENT  WAVE 


Obviously,  the  non-random  field  Pg(r,t)  may  be  regarded  as  the  incident 
wave  (or  field).  When  Pg(r,t)  is  continuous  field,  it  can  be  written  as 


PQ(r,t)  =  pQ(:c)eiVOt 


(40) 


where  Pg(r)  is  its  complex  amplitude,  is  the  angular  frequency.  Then, 


P0(r,v)  =  2Trp0(r)6(v-v0) 


(41) 


Now,  we  consider  only  far  field  backscattering  and  the  incident 
wave  to  be  a  plane  wave  propagating  in  the  direction  n  (n  is  a  unit  vector) 


see  Fig.  1  with  amplitude  A.  Then, 

pQ(r,t)  =  Ae~i(V0n‘r/c0_V0t) 


(42) 


and 


pQ(r,v)  =  2TTAe_iVr/c0  6(v-uq)  (43) 

Substituting  Eq.(43)  into  Eq.(29),  we  get 

Y(r,t,u>)  =  A(VQ/CQ)e1V0t  /[e~1V0(  ^r'r' *  +  n ' r ' > /4tt  ( '  f  J6(x  '  ,a>)dr 

R 


Since  ¥(r,t,u>)  is  also  a  monochromatic  wave  field,  we  write 
4'(r,t,o»)  =  't'(r,£j)eiV0t  (45) 

where  ^(rjO))  is  its  amplitude.  By  using  Eq.(45)  in  (44),  we  get 
¥(?,<*>)  =  A(VQ/c0)2  ^[e'iV0 


2  ,r  -ivrt(|r-r’|  +fi*r)/c0/4ir!^,|lB(?ffW)d-1 


Let  the  correlation  function  k,  as 

<P 

V'rV  *  (47) 

VVVVV  '  (48) 

By  employing  (46)  in  the  above  equations,  we  obtain 

y?r?2)  -  (A v20/Mc20)2q  +  l?r;'l>/co  +  'V 


/l^-r’  |  |r2-r"|]K3(r"-r’)dr'dr" 


(49) 


Let  i  -  r2-r^  an<^  consider  only  the  case  o  f  |?.|«|r  |,  | r 2  |  . 


’  (44) 


(46) 


r"l)/cc 


Using  the  following  approximations 
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i?r?,i =  i?ii  +  i?t 


COS0, 


■  2  *■  i  1  *■  2 1  lr  lcos®2  •  **  -  i*  i,-““v2 

|r2l  =  I  +  1*1  cos6i 

letting  rx  =  r,  | r x |  =  |r|  =  r,  p  «  r"-r’,  |£|  =  £.,  6^,  02>  0,  as 
shown  In  Figure  1,  and  considering  that  the  radius  of  each  scatterer  and 
the  correlation  radius  of  B(r,a))  are  much  smaller  than  the  size  of  region 
R  and  E{8(r,io)}  =  0,  we  finally  get 


n»r’  =  lr1 Icos0, 


n-r"  =  r"  cos6„ 


(50) 


K^(r,?)  =  (Av2/4itc2) 2  e1V’n/c0  VRKg(2k0>/r2  (51) 


where 


Kg(2kQ)  =  /  Kg(p)e'12VP  dp 


(52) 


is  just  the  space  spectrum  density  of  the  stochastic  field  B(r,u)),  VR  is 

.  . 

the  volume  of  R  and  kg  *  v^n/c^  is  the  wave  vector  of  the  incident  wave. 
Here,  we  changed  the  function  form  ^(r^.r^)  into  ^(r^.r^-r^) ,  i.e., 
K^(r,£)  =  K^(r,r+£)  (53) 

If  the  scatterers  in  space  are  distributed  non-directional ,  then  the 
B(r,w)  will  be  isotropic  implying 

Kg(p)  =  Kg(|p|)  =  Kg(p)  (54) 

Then  from  Eq.(52),  we  obtain 

Kg(2kQ)  =  ?.7t( Cq/Vq)^  pKg(p)sin(2vQp/c0)dp  (55) 


•  A 


••■'v '.-''I-  ■>•/*  ■ 


.**  **•  . 


6.  SCATTERING  OF  IMPULSE  INCIDENT  WAVE 


Consider  an  impulse  monochromatic  plane  wave  with  frequency 
propagation  direction  n,  duration  t  and  amplitude  A 

pQ(r,t)  =  Ae  r^c0  Vt^u(n-r/cQ  -  t)  (56) 

where  u(t)  is  the  "rectangular"  function  defined  by 


r 1  t  £  [-  t/2,  t/2] 

u(t) 

U  t  4  [-  t/2,  t/2] 

The  spectrum  (Fourier  Transform)  of  u(t)  may  be  written  as 

-oo  -  i  Vt 

u(t)  =  /oo  u(b)e  dt  =  2sin(TV/2)/v 

-f 

Pg(r,v)  can  be  expressed  as 

A  -► 

PQ(r,v)  =  Ae_iV'r/cO  2sin[T(V  -  Vq)/2]/(V  -  Vq) 


(57) 


(58) 


(59) 


For  narrow  band  T  »  1/vq»  one  can  show  that 


T(?,c,a>  -  A(v£/cb.lV  S  [e^V1^’1  +  S-r)/c0/4"l?-?'l] 

U  U  R 


x0(r' ,(jj)u[t-(  |r-r '  |  +n*r’)/c]dr? 


(60) 


We  also  notice  that  if  u(t)  is  not  a  "rectangular"  function,  but  an 
"arbitrary"  function  with  duration  T»  1/vq>  then  the  expression(60) 
still  holds. 

If  the  radiation  system  of  incident  wave  has  a  narrow  directivity, 
then  using  the  same  approximation  as  (50),  we  obtain  the  mean  square 
value  of  '{'(rjtjW)  : 

M^2)  (r ,  t)  =  (AV2/4ttc2)27T  r2Cq  Kg(2k0)/2r2  (61) 

where 

M^2)(r,t)  =  E{  ('{'(r.t.w)  j2}  (62) 

and  R  is  the  radius  of  the  illuminated  area  of  scatterer  region  by  the 
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incident  wave.  In  this  derivation,  the  illuminated  area  is  not 
necessarily  to  be  a  circular  one.  If  we  use  JL  to  denote  this  area, 
then  (61)  takes  the  form 

M^2)  (r ,  t)  =  (Av2/4ttc2)2  v4c0TKg(2k0)/2r2  (63) 

Comparing  (63)  with  the  formula  for  continuous  wave 

M^2)  (r ,  t)  =  (Av2/4Trc2)2VRK6(2k0)/r2  (64) 

which  is  obtained  from  Eq.(51)  when  we  let  Z  =  0,  we  can  see  that  they  are 
completely  similar,  Ac.t/2  just  plays  the  role  of  V  .  This  seems 

U  K 

physically  reasonable. 


-V-\. 


■%  "v  .■v  \  7^  ;■«  7 -r 


7.  SPACE  CORRELATION  FUNCTION  FOR  SPHERICAL  SCATTERER 


From  the  previous  section,  we  see  that  the  space  correlation  function 

Kq(£)  or  the  space  spectrum  density  Kfl(k)  plays  important  role  in  the 
p  P 

calculation  of  the  statistical  moments  of  the  scattered  field.  Kg(£) 

depends  on  the  shape  and  size  of  each  scatterer  and  the  concentration 

o  of  scatterers.  The  calculation  of  Kn(£)  or  KQ(k)  here  is  based  on 

p  P 

geometrical  probability. 

Obviously,  the  stochastic  field  B(?.w)  is  ergodic.  Therefore,  for 
any  sample  (realization)  B(r,oj^),  we  have 

Kft(&)  =  lim  (1/V (D) )  /B(r,<x).)B(r-Z,<jj.)dr  (65) 

0  V(D)-~  D  i  i 

where  D  is  a  region  with  any  shape  in  R  and  V(D)  is  the  volume  of  D. 

Assume  that  the  distance  from  any  sphere  to  the  nearest  sphere  is 
the  random  variable  £(<d),  see  Figure  2,  and  £(oo)  has  the  exponential 
probability  distribution  density 

f?(x)  -  e*x/C0  /C0  ,  x«  [0,«)  (66) 

where  £ i  is  the  mean  value  of  £(w),  i.e., 

C0  =  E{  £(w)}  (67) 


Using  Eqs.(9),  ^5)  and  £6),  from  geometry,  we  get 

Kg (2)  =  obJ  [a  -  2 a1/3  +  a1/3jE°l( £,a,j) ]/(l  -a  )2 

where 


(68) 


jQ  =  int( 

I(i,<M) 


l/2a  -  1} 


jCQe 


(69) 

-(&-2ja )/50  l  _L_ 


k=0 


+  e"2a/C0  (2-2(j-l)a)k/Co 


2a/C0  (*-2(j+l)a)k/5 
-  2(£-2ja)k/Ck] 


k 

0 


t 
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-U-2(j+l)a]e“a  2ja)/C0jE1(l/k!)[e2a/C0  (£-2(j+l)a)k/Ck  -  (£-2ja)k/Ck] 

k=0 

+  [£-2(j-l)a]e~a_2ja)/Vi\l/k!)[(£-2ja)k/£k  -  e“2a/£0  ( £-2 ( j - 1) a) k/ C 

k=0 

j  <  £/2a  -  1  (70) 


f  ^ a~ 

-»®>  0)  =  j 

L  0 


£  e  [0,2a] 
£  >2a 


In  Eq.(69),-  int{  }  denotes  the  integer  part  of{  }.  We  may  be  able  to 
write  Eq.(68)  in  the  form 

Kg(£  )  =  be  ^(1  +  cos2tt£/£q)  (72) 

On  the  other  hand,  for  small  values  of  £,  (  £  <  2a),  from  geometry, 
we  get  exact  expression  of  Kg(£)  given  by 

Kg(£)  =  cr02[(l-a)-3£/4a  +  £3/16a3]/(l-a)2  ,  £  <  2a  (73) 

From  Eq.(72),  we  find 


dKg(£) 


=  ~2yb  , 


Kg(0)  =  2b  (74) 


while  from  Eq.(65),  we  find 


>Kg(£) 


=  -3a02/4(l-o)2a  ,  Kg(0)  =  og2/ (l-a)  (75) 


Comparing  Eqs.(74)  and  (75),  we  obtain  expressions  for  b  and  y  given  by 


b  =  aB1/2(l-a)  ; 


y  =  3/4(l-a)a 


Substituting  Eq.(76)  into  (72),  we  finally  obtain  an  expression  for 


Kg(?.)  as 


Kg (4)  =  (a/2(l-0))8*  e"3S74(1  0)3  [1  +  cos (tt  o1/3£  /a)]  (77) 


^  O 


8.  RESULTS  AND  CONCLUSION 


In  this  section,  we  present  the  final  expression  for  mean  square 

(2)  -*• 

value  and  space  spectrum  density  K^(2kg).  Substituting  Eq.(7T> 

into  Eq.(64),  integrating  the  resulting  expression  and  again  substituting 

the  result  into  Eq.^O)^  we  finally  obtain  for  narrow  band  pulse  (x>>  l/v^) 


Kg(2k0)  =  ( 4/ 3) 3 (  irc0/v0)a2a(l-a)2  g2{  4kQa 


2kQa  +  ttct 


1/3 


[  1  +  (4/3)2(l-c)2(2k0a  +  to173)2]2 


(78) 


2kQa  -  tto 


1/3 


[  1  +  (4/3)2(l-a)2(2kQa  -  to173)2]2 


and 


M^2) (r , t)  =  (2A2v3  r2  Ta2/27r2)(c2(c2-c2)2/cjc2>a(l-a)4{4k0a 
oi  ,  _„1/ 3 

2k^a  +  tto 

[  1  +  (4/3)2(l-a)2(2kQa  +  to173)2]2 
2kQa  -  fra17  3 

[  1  +  (4/3)2(l-o)2(2kQa  -  iro1/3)2]2 


To  the  author's  knowledge,  extensive  experimental  results  are  not 

available  on  incoherent  intensity  from  random  media,  except  that  of  some 

13 

controlled  laboratory  experiments  in  acoustics  .  In  Ref.  13,  some 
backscattering  measurements  were  reported  for  a  random  distribution  of 
fluid  particles  dispersed  in  another  fluid.  The  wave  speeds  of  the  scatterers 
and  of  the  host  medium  considered  in  their  experiments  are  c^  =  1596  m/sec 
and  c^  =  1499  m/sec.  For  such  a  system,  8^<<  1,  $2<K  ^  anc*  8(r,io)<<  1 
V  r  €  R,  w€  fl  .  This  suggets  that  we  could  neglect  higher  order  moments 
(The  theory  presented,  however,  is  general)  resulting  in  the  following 


0  =  0.0524 


Figure  4b.  Expanded  version  of  figure  4a  for  the  range 
of  ka  from  1.0  to  2.0. 


C  =  0.105  ,  ko  =  1.0 


Figure  3.  Coherent  Intensity  as  a  function  of  depth  Z  for  various  values 
of  concentration  c  and  for  A  =  546  nm. 


Figure  4a.  Normalized  incoherent  intensity  vs.  ka  for  c  *  0.05c’4  and 
for  various  angles  0. 


V.V.  Varadan  and  V.K.  Varadan,  The  quasi-crystall ine  approximation  and  multiple  scattering  of 
waves  in  random  media,  submitted  to  IEEE  Trans.  Antennas  and  Propagation. 

A.  Killey  and  G.H.  Meeten,  Optical  extinction  and  refraction  of  concentrated  latex  dispersions 
J.  Chen.  Soc.,  Faraday  Trans.  2y  587-599,  1981. 


Figure  1.  Phase  velocity  vs.  concentration  c  for  X  -  546  nm.  * 


Figure  2.  Coherent  attenuation  vs.  concentration  c  for  X  =  410  nm,  546  nm 


The  first  set  of  the  above  diagrams  represents  a  partial  summation  of  OCA  type  terms  incorporating  two 
body  correlations  while  the  second  set  represents  the  conventional  ladder  diagrams.  In  both  sets  of 
diagrams,  we  can  use  so  called  "dressed  propagators"  obtained  from  Eq.  (6)  between  scatterers  instead 
of  "bare  propagators".  This  means  that  K  from  (6)  can  be  used  as  the  wave  number  characterizing  the 
medium  between  scatterers  Involved  in  calculation  of  the  spectral  density,  i.e.,  the  other  scatterers 
that  participate  in  only  one  or  other  of  the  field  lines  are  averaged  over  separately  and  replaced  by  K. 

NUMERICAL  RESULTS 

The  numerical  procedure  is  described  in  detail  in  Refs.  3-4,  and  will  not  be  repeated  here.  The 

effective  wave  number  is  computed  for  Revacryl  spheres  in  distilled  water  for  a  range  of 

frequencies  and  concentrations  of  scatterers.  The  real  part  Kj  is  related  to  the  phase  velocity  while 

the  imaginary  part  is  related  to  coherent  attenuation.  We  have  also  calculated  the  coherent  and 

incoherent  Intensity  for  electromagnetic  wave  propagation  through  ice  particles  (e  =■  3.168)  in  free 

r 

space  using  the  first  term  of  the  two  series  of  diagrams  given  in  Eq.  (8). 

In  Figs.  1  and  2,  the  real  and  imaginary  parts  of  the  coherent  field  are  compared  with  the 
experimental  measurements  of  Kllley  and  Meeten^.  In  Fig.  3,  calculations  of  the  coherent  intensity 
for  a  suspension  of  Revacryl  spheres  in  distilled  water  show  excellent  comparison  with  measurements 
of  Killey  and  Heeten6. 

In  Fig.  4,  the  incoherent  intensity  is  plotted  as  a  function  of  ka  for  c  “  0.0524  and  for  various 
angles  9.  It  is  interesting  to  note  that  as  ka  Increases,  the  leading  term  of  the  incoherent  intensity 
approaches  a  constant  value  for  all  values  of  9.  Figure  5  displays  the  incoherent  intenslt'1  as  a 
function  of  the  observation  angle  0,  and  the  intensity  reduces  to  zero  at  9  =  90“  as  expected. 
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where  -  denotes  propagation  of  the  field  from  one  point  to  the  other  and  0  denote!'  a  scatterer. 


If  two  ore  more  scatterers  are  enclosed  In  an  area  such  as 


arbitrary  multiple  scattering 


any  number  of  times  and  In  any  order  can  go  on  between  scatterers  1,  2  and  3. 

Along  these  lines,  we  define  the  Incoherent  Intensity  or  the  spectral  density  G^lR.ui)  at  position 
R.  for  field  polarization  In  .the  direction  d. 


Geometries  without  much  difficulty. 


FORMULATION 

Consider  wave  propagation  in  an  infinite  medium  of  volume  V 


containing  a  random  distribution 


of  N  scatterers,  N  °°,  such  that  nQ  *  N/V,  the  number  density  of  scatterers  is  finite.  Plane  harmonic 

■*  4()  -+e 

waves  of  frequency  oj  propagate  in  the  medium  and  undergo  multiple  scattering.  Let  E,  E  ,  E^,  and 

denote  respectively  the  total  field,  the  incident  field,  the  field  exciting  the  i-th  scatterer  and 

the  field  scattered  by  the  i-th  scatterer.  Then  self  consistency  requires  the  following  relationships 
3,4 

between  the  fields 


■>  ->Q  N  -*-g 

E  -  t  +  E  E 
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and 


E  +  E  E’ 
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The  configurational  average  of  the  total  field  results  in 


<E(r)>  -  E°(r)  +  E  T  ,  Ou  i|i  (r-r  )  a1  p(r  )  dr 
^  nn  n  1  n  i  i 
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In  Eq.  (3),  T  , ,  Is  the  T-matrix  of  an  Isolated  scatterer,  a  are  the  known  coefficients  of 
M  nn  n 

-+ 

expansion  of  the  Incident  field  at  the  site  of  the  1-th  scatterer,  a  ,(r  )  Is  the  translation  matrix 

nn  y 

for  vector  spherical  functions  and  describes  the  propagation  of  waves  from  r^  to  r^.  The  functions 
p(r^),  p(rj|r^)...  etc.  are  the  single  particle,  two  particle  conditional  probabilities  distribution 
functions.  We  have  shown"*  that  invoking  the  OCA  implies  that  the  roherent  field  and  the  resulting 
dispersion  equation  were  limited  Co  terms  of  Che  form 


<E> 


QCA 
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where  denotes  positional  correlation  between  two  scatterers  and  it  is  clear  from  the  diagrams 

that  each  scatterer  participates  only  once  in  a  given  term,  there  is  no  back  and  forth  scattering  and 
all  scattering  is  sequential  and  only  sequential  positional  correlations  are  allowed. 

Introducing  spatial  Fourier  transforms  of  the  translation  matrix  0  and  the  radial  distribution 
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ABSTRACT 

This  paper  is  concerned  with  a  propagator  model  for  multiple  scattering  and  wave  propagation  in 
discrete  random  media.  The  coherent  and  incoherent  intensity  of  a  time  harmonic  electromagnetic  field 
in  such  a  medium  are  calculated  and  compared  with  available  experimental  results  showing  good  agreement. 
This  work  has  been  published  and  submitted  for  publication  as  follows: 
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in  Random  Media*',  IEEE  Trans.  A  and  P.,  submitted  for  publication. 

V.K.  Varadan  and  V.V.  Varadan,  "A  Propagator  Model  for  Multiple  Scattering  and  Wave  Propagation  in 
Discrete  Random  Media",  Radio  Science,  submitted  for  publication. 

V.K.  Varadan,  Y.  Ma  and  V.V.  Varadan,  "Coherent  Electromagnetic  Wave  Propagation  Through  Randomly 
Distributed  and  Oriented  Pair-correlated  Scatterers" ,  Radio  Science,  in  press. 

V.V.  Varadan,  Y.  Ma  and  V.K.  Varadan,  "Frequency  Dependence  of  the  Attenuation  of  Electromagnetic 
Waves  in  Media  with  Anisotropy  Induced  by  Microstructure",  IEEE  Trans.  A  and  P.,  submitted. 


INTRODUCTION 

We  consider  the  propagation  of  plane  coherent  electromagnetic  waves  in  an  infinite  medium  containing 
identical,  loss  less,  randomly  distributed  particles.  Our  aim  here  is  to  characterize  the  random  medium 
by  an  effective  complex  wave  number  K  (which  would  be  a  function  of  particle  concentration,  the  electri¬ 
cal  size,  and  the  statistical  description  of  the  random  positions  of  the  scat terers) ,  and  to  study  both 
coherent  and  incoherent  intensities  as  a  function  of  frequency  for  various  values  of  concentration  c 
(the  fractional  volume  occupied  by  the  scatterers).  Although  the  formulation  is  generally  valid  for  non- 
spherical,  aligned  or  randomly  oriented  scatterers.  Initial  calculations  are  confined  to  spherical 
scatterers  which  generally  gives  us  a  better  picture  of  the  order  of  magnitude  of  the  different  contri¬ 
butions  to  the  intensity  without  the  additional  complications  of  non-snherical  geometry  and  orientation. 
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Extensive  work  by  Twer sky  lias  laid  the  foundation  for  multiple  scattering  theory  in  discrete 

random  media,  A  related  approach  using  the  T-matrix  of  a  single  scatterer  together  with  configurational 

averaging  procedures,  has  been  used  bv  the  authors  to  develop  a  computational  method  for  electromagnetic 

wave  propagation  problem  in  Inhomogeneous  media^  \  Lax's  quasi-crystalline  approximation  (QCA)  is  used 

in  conjunction  with  suitable  models  for  the  pair-correlation  function  to  obtain  an  effective  wave  number 

M-K^+iK^)  which  is  complex  and  frequency  dependent.  The  real  part  is  related  to  the  phase  velocity 

while  the  imaginary  part  K^  is  related  to  coherent  attenuation.  In  this  paper,  we  present  a  propagator 
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model  which  is  shown  to  present  the  same  dispersion  equation  as  the  one  obtained  in  our  previous  papers 


In  addition,  this  model  enables  us  to  compute  both  coherent  and  incoherent  intensities  for  more  realistic 


STATIONARY  CONDITION 


Backscatter ing  coefficient  vs.  concentration  for 


UNIFORM  FLOW  CONDITION 


CONCENTRATION 


Fia.  la.  Scattering  geometry  and  coordinate  system 
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ABSTRACT 


A  propagator  model  is  presented  for  studying  both  coherent  and  incoherent 
intensities  of  the  electromagnetic  field  in  a  discrete  random  medium. 

Lax's  quasi-crystalline  approximation  (QCA)  with  suitable  averaging  techniques 
and  the  T-matrix  of  a  single  scatterer  has  been  emeployed  in  the  analysis. 
Pair-correlation  functions  generated  by  Monte-Carlo  simulation  have  been  used 
in  the  computation.  This  model  also  provides  a  dispersion  equation  which 
is  solved  for  both  phase  velocity  and  coherent  attenuation  as  a  function 
of  frequency  for  various  values  of  concentrations  of  scatterers.  Numerical 
results  obtained  show  excellent  agreement  with  experimental  measurements 
of  Killey  and  Meeten  (J.  Chem.  Soc.,  Faraday  Trans.  2.,  Vol.  77,  pp.  587-599, 


INTRODUCTION 


We  consider  the  propagation  of  plane  coherent  electromagnetic  in  an 
infinite  medium  containing  identical,  loss  less,  randomly  distributed  particles. 
Our  aim  here  is  to  characterize  the  random  medium  by  an  effective  complex 
wave  number  K  (which  would  be  a  function  of  particle  concentration,  the  electrical 

t 

size,  and  the  statistical  description  of  the  random  positions  of  the  scatterers) , 
and  to  study  both  coherent  and  incoherent  intensities  as  a  function  of 
frequency  for  various  values  of  concentration  c  (the  fractional  volume  occupied 
by  the  scatterers) .  Although  the  formulation  is  generally  valid  for  non- 
spherical,  aligned  or  randomly  oriented  scatterers,  initial  calculations  are 
confined  to  spherical  scatterers  which  generally  gives  us  a  better  picture  of 
the  order  of  magnitude  of  the  different  contributions  to  the  intensity  without 
the  additional  complications  of  non-spherical  geometry  and  orientation. 

Extensive  work  by  Twersky^  ^  has  laid  the  foundation  for  multiple  scattering 

theory  in  discrete  random  media.  A  related  approach  using  the  T-matrix  of 

a  single  scattered  together  with  configurational  averaging  procedures, has 

been  used  by  the  authors  to  develop  a  computational  method  for  electromagnetic 

wave  propagation  problem  in  inhomogeneous  raedia^  Lax's^  quasi-crystalline 

approximation  (QCA)  is  used  in  conjunction  with  suitable  models  for  the  pair- 

correlation  function  to  obtain  an  effective  wave  number  K^K^+iK^)  which 

is  complex  and  frequency  dependent.  The  real  part  is  related  to  the  phase 

velocity  while  the  imaginary  part  is  related  to  coherent  attenuation. 

In  this  paper,  we  present  a  propagator  model  which  is  shown  to  present  the 
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same  dispersion  equation  as  the  one  obtained  in  our  previous  papers  .  In 
addition,  this  model  enables  us  to  compute  both  coherent  and  incoherent 
intensities  for  more  realistic  geometries  without  much  difficulty. 
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FORMULATION 


Consider  wave  propagation  in  an  infinite  medium  of  volume  V  -+•  °° 

containing  a  random  distribution  of  N  scatterers,  N  -*■  °°,  such  that  n  =  N/V, 

o 

the  number  density  of  scatterers  is  finite.  Plane  harmonic  waves  of  frequency 

•+  — ►  0  — ►p 

03  propagate  in  the  medium  and  undergo  multiple  scattering.  Let  E,  E  ,  E^,  and 

-►g 

E^  denote  respectively  the  total  field,  the  incident  field,  the  field  exciting 

the  i-th  scatterer  and  the  field  scattered  by  the  i-th  scatterer.  Then  self 
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consistency  requires  the  following  relationships  between  the  fields 
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=  E  + 
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i=l 


ts 

Ei 
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and 
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Ei  ■  E  +  ih  E3 


(2) 


Let  generally  denote  outgoing  functions  (Hankel  functions)  and 

Re 

functions  regular  at  the  origin  (Bessel  functions).  We  dispense  with  vector 
notation  and  the  abbreviated  index  may  denote  n  T,  £,  m,  a;  T  =  2,3; 
i  e  [0,°°];  m  e-  [0,£],  see  Refs.  7-9. 

At  a  field  point  r  in  the  host  medium,  the  incident,  scattered  and  exciting 
fields  are  expanded  as  follows 


E^(r)  =  E  a  Re  i]/  (r) 
n  n  n 

Ee(r)  =  Z  a*  Re  ip  (r-r . )  ;  I  r-r.  I  <2a 
n  n  l  x 

ES(r)  *  E  f1  Ou  tjs  (r-r.)  ;  I  r-r.  |  >2a 

n  n  n  i  i 
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where  r^  denotes  the  center  of  the  i-th  scatterer,  and  a  is  the  radius  of  the 

sphere  circumscribing  any  scatterer.  The  coefficients  a  are  known  while 

n 

the  coefficients  f^  and  are  unknown  but  are, however,  related  through  the 
n  n 

Trmatrix6: 


(3) 

(4) 

(5) 


Substituting  Eqs.  (3 )— (6)  in  (2)  and  using  the  translation-addition 
theorems  for  spherical  wavefunctions  and  the  orthogonality  properties  of 
spherical  harmonics^,  we  obtain 
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where 
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ip  (r-r  )  =  Z  aC  (r-r)  Re  ip  ,  (r-r  ) 
n  j  n'  nn'  J  1  n  1 
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and  a  ,  is  the  translation  matrix  for  spherical  wavefunctions. 
nn 


If  we  substitute  Eqs.  (7)  and  (5)  in  (1)  and  iterate,  we  obtain 
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ij 


E(r)  =  E°(r)  +  I  Ou  ij>  (r-r.)  T  .a1,  +  Z'  Ou  iJj  (r-r  ) 
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(9) 


where  r  = 


The  first  term  in  Eq.  (9)  is  the  incident  field  reaching  the  observation 
point  r  denoted  by  P  in  Fig.  la.  The  second  term  of  Eq.  (9)  is  a  sum  of 
N  contributions  each  of  which  can  be  represented  by  a  diagram  of  the  type 
shown  in  Fig.  lb.  The  phin  line  represents  the  incident  field  E^  and  the 
thick  solid  line  represents  the  "propagator",  Ou  ip^  (r-r^)  T^,  which  propagates 

-V 

the  field  from  scatterer  i  to  observation  point  r.  The  sum  of  all  N  diagrams 
of  this  type  is  termed  single  scattering.  The  third  term  of  Eq.  (9)  is  a 
sum  of  N(N-l)  contributions,  each  involving  a  pair  of  particles,  and  is 
represented  by  the  diagram  of  Fig.  lc.  There  are  also  N(N-l)  terms  of  the 
form  given  in  Fig.  Id  which  involve  only  a  pair  of  particles.  There  are 
N(N-l)  (N-2)  terms  of  the  type  shown  in  Fig.  le.  As  seen  from  Fig.  1,  the 
three  body  process  can  include  any  number  of  scattering  in  any  order  between 
the  three  objects. 
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Equation  (9)  can  be  averaged  over  the  positions  of  the  particles  to  yield 


<E(r)>  =  E^(r)  +  I  T  ,  Ou  ^  (r-r.)  a*  p(r.)  dr. 
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which  involves  all  orders  of  joint  probability  functions,  p(r^),  p  (r  j  l r -j_>  *  etc* 
We  have  shown^  that  invoking  the  QCA  implies  that  the  coherent  field  and  the 
resulting  dispersion  equation  were  limited  to  terms  of  the  form 


<e3ca 
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where  denotes  positional  correlation  between  two  scatterers  and  it  is 

clear  from  the  diagrams  that  each  scatterer  participates  only  once  in  a  given 
term,  there  is  no  back  and  forth  scattering  and  all  scattering  is  sequential 
and  only  sequential  positional  correlations  are  allowed. 

Introducing  spatial  Fourier  transforms  of  the  translation  matrix  0 
and  the  radial  distribution  functions  g  (given  by  p(r^|r^)  =  ^  g  (r^)) 
which  are  denoted  by  U  (K)  and  ]£(K) ,  respectively,  and  using  the  convolution 
theorem,  we  obtain 


<E(r) >  =  E°(r)  +  |0u  p  (r-r.)  T  ,  n  f  [1-n  Og  (K)  T]"1 
I  n  innol  o 

iK  •  (rL~r2)  (2)  +  (12) 

e  a  „  dK  dr.  dr0 

n  12 

This  new  form  of  the  average  field  can  be  interpreted  as  an  incident 
plane  wave  propagating  through  an  effective  medium  of  propagation  constant 
K  and  propagator  [l-nQ  ^g(K)T]  ^  undergoing  scattering  from  a  particle  at 
r^  and  then  propagating  to  the  observation  point  r  with  the  wave  number  of 
the  host  medium.  The  dispersion  equation  in  the  model  medium  can  be  obtained 
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by  setting  the  determinant  of  the  propagator  equal  to  zero: 

|  l-nQ  Og(K)  T  |  =  0  (13) 

This  equation  is  identical  to  the  one  obtained  by  us  earlier  using  the  self- 
consistent  multiple  scattering  approach,  see  Ref.  9. 

The  field  fluctuations  AE  may  now  be  given  by 


AE  =  E  -  <E>  ( 14) 
and  can  be  represented  as  a  multiple  scattering  series  which  may  be  represented 
by  the  following  diagrams 


(15) 


where  —  denotes  propagation  of  the  field  from  one  point  to  the  other  and 
0  denotes  a  scatterer.  If  two  or  more  scatterers  are  enclosed  in  an  area 
such  as  — ^o— — o — -o-j-  arbitrary  multiple  scattering  any  number  of  times  (16) 

and  in  any  order  can  go  on  between  scatterers  1,  2  and  3. 

Along  these  lines,  we  define  the  incoherent  intensity  or  the  spectral 
density  G  (R,w)  at  position  R,  see  Fig.  2  frequency  u>  for  field  polarization 


in  the  direction  as  (see  Fig.  5  for  the  definition  of  a). 


(17) 


(18) 
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The  first  set  of  the  above  diagrams  represents  a  partial  summation  of  QCA 
type  terms  incorporating  two  body  correlations  while  the  second  set  represents 
the  conventional  ladder  diagrams.  In  both  sets  of  diagrams,  we  can  use  so 
called  "dressed  propagators”  obtained  from  Eq.  (13)  between  scatterers  instead 
of  "bare  propagators".  This  means  that  K  from  (13)  can  be  used  as  the  wave 
number  characterizing  the  medium  betweeh  scatterers  involved  in  calculation 
of  the  spectral  density,  i.e.,  the  other  scatterers  that  participate  in  only 
one  or  other  of  the  field  lines  are  averaged  over  separately  and  replaced  by 


NUMERICAL  RESULTS 


The  numerical  procedure  is  described  in  detail  in  Refs.  6-9,  and  will 
not  be  repeated  here.  The  effective  wave  number  K(=K  +1^)  is  computed  for 
Revacryl  spheres  in  distilled  water  for  a  range  of  frequencies  and  concentrations 
of  scatterers.  The  real  part  K^, is  related  to  the  phase  velocity  while  the 
imaginary  part  is  related  to  coherent  attenuation.  We  have  also  calculated 
the  coherent  and  incoherent  intensity  for  electromagnetic  wave  propagation 
through  ice  particles  (e^  =  3.168)  in  free  space  using  the  terms  of  the  two 
series  of  diagrams  given  in  Eq.  (18)  that  make  up  our  approximation  using 
the  pair  correlation  functions  to  the  spectral  intensity. 

In  Figs.  2  and  3,  the  real  and  imaginary  parts  of  the  coherent  field 
are  compared  with  the  experimental  measurements  of  Killey  and  Meeten"^. 

In  Fig.  4,  calculations  of  the  coherent  intensity  for  a  suspension  of  Revacryl 
spheres  in  distilled  water  show  excellent  comparison  with  measurements  of 
Killey  and  Meeten^.  In  Fig.  5,  the  geometry  for  the  computation  of  incoherent 
intensity  is  given.  In  Fig.  6,  the  incoherent  intensity  is  plotted  as  a 
function  of  ka  for  c  =  0.0524  and  for  various  angle  0  (see  Fig.  5  to  see  how 
0  is  measured) . 

In  Figs.  7  and  8,  similar  results  are  presented  for  higher  concentrations. 
Figure  9  displays  the  incoherent  intensity  as  a  function  of  the  observation 
angle  0,  and  the  intensity  reduces  to  zero  at  0  =  90°  as  expected  while  in 
Fig.  10,  we  have  plotted  the  back  scattering  intensity  as  a  function  of 
ka  for  a  concentration  of  .0524.  There  are  two  minima  in  the  intensity  spectrum. 
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FIGURE  CAPTIONS 


Fig.  1  A  diagramatic  representation  of  multiple  scattering  processes. 

Fig.  2  Phase  velocity  vs  concentration  c  for  Revacryl  dispersions 
in  distilled  water  at  X  =  546  nm. 

Fig.  3  Coherent  attenuation  vs  concentration  c  for  Revacryl  dispersions 
in  distilled  water  at  X  =  410  nm  and  546  nm. 

Fig.  4  Coherent  intensity  as  a  function  of  propagation  depth  z  for  various 
values  of  c  at  X  =  546  nm. 

Fig.  5  Scattering  geometry. 

Fig.  6a  Incoherent  intensity  as  a  function  of  ka  for  c  =  0.0524  and  for 
various  angles  of  observation  9. 

Fig.  6b  Expanded  version  of  Fig.  6a  for  the  frequency  range  1.0  <  ka  <  2.0. 

Fig.  7  Incoherent  intensity  as  a  function  of  ka  for  different  values  of 
c  at  9  =  60°. 

Fig.  8  Incoherent  intensity  as  a  function  of  ka  for  c  =  0.157  at  9  =  60°; 

the  dotted  line  is  the  contribution  due  to  the  ladder  diagram  only. 

Fig.  9  Incoherent  intensity  as  a  function  of  observation  angle  9  for 
c  *  0.105  and  ka  =  1.0. 

Fig.  10  Backscattering  intensity  as  a  function  of  ka  for  c  =  0.0524. 
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INTRODUCTION 

The  intensity  measurements  are  quite  common  in  many  physical  problems 
dealing  with  the  wave  scattering.  In  order  to  compare  the  field  measurements 
with  the  theoretical  calculations  one  needs  to  carefully  introduce  the 
incoherent  intensity  into  consideration,  which  proved  to  be  significant 
enough  as  the  frequency  increases.  In  this  paper  the  intensity  calculation 
based  on  the  energy  principle  for  nonabsorbing  scatterers,  which  has  been 
well  investigated  by  Twersky  (1957),  is  discussed,  and  the  rule  of  conser¬ 
vation  of  energy  serves  as  a  guideline  to  check  the  numerical  accuracy.  We 
shall,  however,  consider  only  sparse  distribution  of  scatterers  so  that 
higher  order  scattering  can  be  neglected  although  the  interactions  mong 
scatterers  are  still  considered.  The  incorporation  of  the  multiple  s  '  : '  ring 
theory  so  as  to  accomodate  denser  concentrations  of  scatterers  is 
explained  and  the  computational  scheme  involving  the  pair  correlation 
function  is  also  introduced.  In  addition,  any  given  size  distribution  of 
scatterers  can  be  handled  following  Ma  et  al  (1983).  However,  only  uniform 
and  Rayleigh  size  distributions  have  been  used  to  perform  the  calculations. 
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V 
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<p 

<  > 

K>i 
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Scattering  angle 
Angular  frequency 
Solid  angle 

Area  number  density 
Scattering  cross  section 

Gradient  operator 

Denotes  scalar  multiplication  of  two  vectors 
Wave  function 
Configurational  average 

Configurational  average  holding  jth  scatterer  fixed 
Configurational  average  holding  jth  and  kth  scatterers  fixed 


SUBSCRIPTS 


Amplitude 


i  Refers  to  incident  wave 

m,n  indices  (integer) 

s  Refers  to  scattered  wave 


SUPERSCRIPTS 


Complex  conjugate 
vector  sign 
z  >  0  plane 


z  <  0  plane 


LIST  OF  SYMBOLS 


Size  of  oarticle 


C  Coherent  reflection  coefficient 

C  Coherent  transmission  coefficient 

c  Speed  of  wave  propagation 

e^  Unit  radial  vector  in  spherical  coordinates 

e  Unit  vector  in  the  positive  z  direction  in  rectangular  coordinates 

f(a,9)  Scattering  function 


H  Distance  from  receiver 

(2) 

h  Spherical  Hankel  function  of  the  2nd  kind 

n 

I  Wave  intensity  (energy  flux) 

Im(  )  Imaginary  part  of  (  ) 

2 

i  Imaginary  unit  (i  *  -1) 

jn(  )  Spherical  Bessel  function 

k  Wave  number 

N  Total  number  of  scatterers 

0(  )  Order  of  (  ) 

P  (cosQ) Legendre  polynomials 
n 

P'  Pressure 

R  Distance  between  particle  and  receiver 

Re(  )  Real  part  of  (  ) 

r  Distance  between  particle  and  the  reference  origin 

U  Total  scattered  field 

u  Individual  scattered  field 

v  Velocity  vector 

x,y,z,  Rectangular  coordinates 


y  (  )  Spherical  Neumann  function 
n 
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ABSTRACT 

In  this  paper,  the  configurational  averages  of  the  wave  function  \ p, 

2 

,  and  the  wave  energy  flux  S  are  derived  for  planar  distributed  par¬ 
ticles  excited  by  a  normally  incident  plane  wave.  Although  the  higher 
order  scattering  terms  are  neglected  for  sparse  distributions  of  particles, 
the  interactions  among  them  are  still  considered,  using  the  multiple 
scattering  theory,  to  perform  the  numerical  calculations.  Both  the 
reflection  and  transmission  coefficients  for  the  rough  plane  are  inves¬ 
tigated.  Relations  between  the  coherent  and  incoherent  energy  flux  are 
obtained  using  the  principle  of  conservation  of  energy.  Computations 
of  the  intensity  are  presented  as  a  function  of  frequency  for  different 
concentrations  of  particles  with  uniform  and  Rayleigh  size  distributions. 
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THE  CONFIGURATIONAL  AVERAGE  OF  THE  WAVE  FUNCTION,  <ip> 


Consider  a  plane  wave  normally  incident  upon  a  plane  covered  by 
particles  (see  Figure  1).  The  total  coherent  field  is  then  given  by 


<tj;> 


N 

<\p  >  +  <£ 

•  j-1 


V 


(i) 


■f  kz 

=  ip  e  +  <U>  , 

cL 

where  ip .  and  U  are  the  incident  and  total  scattered  field,  respectively, 

and  ip  is  the  amplitude  of  the  incident  wave.  The  average  scattered  field 
a 

<U>  is  defined  to  be,  following  Foldy  (1945), 


<U>  =  P/<F(a.,e.)  ip  (r  )>dr  ,  (2) 

•/  J  J  J  J 

00 

where  F(a.,0.)  =  (l/k)I  [  (2n+l)/ (1+iC  ^"h (2)  (klR-r.|)P  (cos0  ) 

J  j  n=0  n  n  3  n  j 

/•CO 

F(aj»9j)  F(aj  ,6  Jq(a)da 

q (a)  =  the  sire  distribution  function 

and  C  is  related  to  the  T-matrix  of  the  scatterer. 
n 

Physically  speaking,  the  average  scattered  field  can  be  expressed 
as  a  combination  of  a  reflected  wave  and  a  transmitted  wave  due  to  the 
plane  wave  excitation  (Twersky,  1957).  Therefore,  for  the  present  case 
(normal  incidence),  <U>  may  be  expressed  as 

<u>  I  =  <u>+  =  c+  ^  e“ikz 
z>0  a 


<U>  i  =  <U>“  =  C“  'P  elkz  (3) 

z<u  a 

or  <U>~  =  C  e  k  “ 1  ’  3r0  , 

a 

where  '  U>  and  <U>  are  the  normally  upward  and  downward  going  plane 
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waves  characterized  by  the  coherent  reflection  coefficient  C  and  the 
transmission  coefficient  C  . 

However,  the  coherent  field  <ip>  on  the  bottom  plane,  i.e.  z  *  0, 
is  constant  attributed  to  both  halves  of  the  upward  and  downward  going 
waves  (including  the  incident  wave)  and  can  be  reasonably  written  following 
Twersky  (1957) 


<4>(rj)>l.-0  ■  +  [(<U>  +  )/21(*ryr0) 


*  +  (  CT  +  C  >  1/J1  . 
a  a 


Substituting  Eq.  (4)  into  Eq.  (2)  yields 


<U>  =  pip 


JF(V 


0j)[  1  +  (  CT  +  c"  )/2  ]  dr  . 


At  large  distance  from  nodules  (k|R-r^{»l)  and  using  the  polar  coordinates 
for  integration,  the  far-field  expression  for  Eq.  (5)  becomes 


<U>  =  2irpi p  i  exp  (— ik  |  R— r .  }  /  (R— r  |  )  f  (a  ,9  . )  [1+(C  +C  )/2]  r  dr,,  (6) 
aJ  °  J  JJJ  JJ 

where 

CO 

f (a. ,9 . )  =  (1/k)  I  [ (2n+l)i/ (1+iC  ) ] (-l)nP  (cos0.) 

J  J  n-0  n  n  j 

and  | R—  r ^  ]  =  H/cos9^  (see  Figure  2).  We  can  rewrite  Eq.  (6)  in  terms  of 
the  integration  as 

<U>  =  2'rrpiji  f  ([l+C~/2]f  (a,,9,)+(c"/2)f(a,,TT-9.))e'ikH/coS0j 
aJ  o  j  j  J  3 

x  (HtanB^ /cos0^ )d9j 

/IT  _  _  . 

#  [  (l+(f/#(a  ,A)+(C+/2)f(a  ,A)eFdA,  (7) 

where  A  =  -ikH/cos9.. 

J 

In  order  to  solve  Eq.  (7)  for  kH>>  1,  the  principle  of  stationary 


phase  (Lamb,  1932)  is  used.  The  solution  can  thus  be  written  in  terms 
of  the  stationary  phase  angle  y  as 


<U>  -  (2irpi^a[l+c"/2)f(aj,Y)+(c“/2)f(aj,Tr-Y)]e'ikH/c0SY)/k.  (8) 
The  stationary  phase  angle  Y  is  obtained  by  solving 

dA/d0j  *  -ikHtan0j/cos0j  *  0 
and  found  to  be  y  *  nir(n  ■  0,  1,  2,  ...)  for  this  case. 

One  sees  from  the  geometry  (Figure  1)  that  <U>+  can  be  solved, 
by  integrating  0^  from  0  to  it/ 2  (0^  is  the  so-called  meridian  angle  in  the 
spherical  coordinates  and  is  defined  as  0£  0^ <rr/2  for  z>0)  using  Eq.  (7). 
The  only  appropriate  phase  angle  in  this  region  is  zero,  so  <U>+  is  found 
by  using  Eqs.  (1)  and  (3)  at  z  =  H, 

<U>+  =  2TTPi4»  [(l+c‘/2)f(a,,0)+(C+/2)f(a^,TT)]e‘ikH/k=  C+’j>  e~ikH. 
a  J  j  a 

Similarly, 

_  —  ikH 

<U>"  =  2irpii|»  t  (l+C~/2)f  (a.  ,TT)+(C+/2)f  (a.  ,0)  ]eikH/k  =  C  ^ae 
a  J  J 

The  two  unknowns  C+  and  C  can  now  be  solved  simultaneously  from  the  above 
two  equations  using  Cramer's  rule: 

c+  -  8o  /  1  1  -  +  80  1 

c'  -  (  S7r-[(  8^  +  Sq  )/2])/[  1  -  3^+  (fij  +  Bq  )/4], 

where, 

Bq  =  2Trpif(aj,0)/k 
-  8^  =  2wpif  ,TT)/k. 

Substituting  the  expressions  for  C+  and  C  into  Eqs.  (9)  and  (10) 


respectively,  we  obtain 


z>0 


(13) 


<U> 


[  8o  +  W0(Bo)]V  • 


<u>"  -  [8^  +  (S*  +  8q  )/2  +  0(B*maeikz,  z<0 


(14) 


The  first  terns  on  the  RHS's  of  Eqs.(13)  and  (14)  are  due  to  the  single 
scattering  whose  excitation  is  the  incident  plane  wave  i|»  only.  This 
can  be  obtained  simply  by  substituting  ^  (z=0)  for  <^(r^)>  in  Eq.  (2). 

The  second  term  is  obtained  using  the  self-consistent  approach  which 
is  essentially  Picard’s  process  of  successive  approximation  in  the  present 
case.  Foldy  (1945)  introduced  this  method  to  explain  the  orders  of 
scattering  since  the  higher  order  scattering  is  approximated  by  iteration 
using  the  previous  one  (i.e.  lower  order  scattering).  The  idea  is  that 
the  average  scattered  field  <U>+  (or  <U>  )  can  be  obtained  from  a 
Neumann  series  which  is,  in  this  case 


<U(R)>  =  u,  +  Z  u  , 
1  0  m 

m=2 


(15) 


where 


u  =  p/*f(a .,9 -Mu*  .(r  )  +  u”  (r  ))/2](e"iklR"rj  I'lR-r  1  ]dr 
m  J  3  J  m~l  J  m-1  j  .J  j 


and  u!  =  Bn’~P  e  *kz,  z>0 

X  U  3 


z<0 


One  sees  from  Eq.  (15)  that  m  =  1,  2,  and  3  correspond  to  single, 
double  and  triple  scattering  respectively. 

Generally  speaking,  in  Eqs.  (13Nand  (14)  the  successive  terms 
are  smaller  compared  to  the  previous  terms  for  a  sparse  distribution 
of  particles.  Therefore,  the  higher  order  scattering  can  be  neglected 
in  the  approximation  of  the  average  scattered  field  <U>  for  a  loosely 
packed  planar  area. 


CONFIGURATIONAL  AVERAGE  OF  <\p  > 


Since  particles  are  randomly  distributed,  the  scattered  field  U  is  not 
constant.  This  is  because  scatterers  make  an  otherwise  homogeneous  medium 
inhomogeneous.  The  magnitude  and  phase  of  U  will  fluctuate  in  a  random 
manner.  Thus  the  total  field  at  R,  i.e.  ip  (R),  is  also  a  random  function 
and  can  usually  be  divided  into  average  field  <\p>  and  the  fluctuating  field 

r. 

2 

The  square  of  the  magnitude  of  the  coherent  field  |<4>>  |  is  the  coherent 

component  and  the  average  of  the  square  of  the  magnitude  of  the  Incoherent 

field  is  the  incoherent  component.  The  sum  of  the  coherent  and  incoherent 

components  is  the  average  of  the  square  of  the  magnitude  of  the  acoustic 

field,  i.e. 


<H2>  -  |<-^>  |2  +  <|ip  |2>  , 

»  i 

where  ^  is  related  to  U  as  ip  =  U  -  <U> 


(16) 


or 


<k  l2>  =  <iu|>2  -  i<u> 


(17) 


The  coherent  component  |<^>  |  can  be  obatined  directly  from  the  coherent 

field  <ip>  which  is  known  (Eq.  (4)).  It  is  of  interest  to  find  here  the 

2 

incoherent  component  <|^'|  >  only.  Substituting  the  expression  for  U  (i.e. 

N 

U  j^U.j  into  Eq.  (17)  yields 


<|tjj'|2>  ■  <^'uj  ^'uk>  ~  ^'<uj>  ^'<uk> 


(18) 


I  Z<u,u.  >  +  I  <  |u,  1 2>  -  I  E<u.><u  > 
j¥k  k  J  k  J  J  J  k  3  k 


The  above  equation  can  also  be  written  in  the  following  form 


a 


<1*'  |2>  •"  p2J  Jt(N-l)  <Uj  V^/N  -  <uJ>j  <uk>kldrjdrk 

(19 

'  +P2/<|uj|2>jd^j  * 

by  using  the  definition  of  the  configurational  average  (see  Varadan  and 

2 

Varadan  (1980)).  In  order  to  calculate  the  incoherent  component  < |^' |  > 
in  Eq.  (19)  two  approximations  were  also  introduced.  First,  (N-l)/N  is 
replaced  by  unity  which  is  certainly  valid  for  large  N.  Secondly,  we  use 

<a]  Vjk'  <u/j  'Vk  (20 

as  suggested  by  Twersky  (1957).  Eq.  (20)  may  be  interpreted  physically 

as  neglecting  contributions  to  the  excitations  of  a  scatterer  arising  from 

the  fluctuations  of  the  average  radiation  scattered  by  the  other  scatterers. 

* 

It  should  be  noted  from  Eqs.  (18)  and  (19)  that  actually  Jjk<Uj  uk> 

2 

can  be  approximated  using  |  <U>  j  .  This  implies  that  ,5jk  £  <u^  (V/-ik)uk> , 
i.e.  the  average  of  the  jth  scattered  field  multiplied  by  the  gradient 
of  the  kth  scattered  field  can  be  estimated  as 


Z  I  <u*-4r-u>+ 
j/k  k  J  -ik  k 


|<U>+|2  ez  ,  z>0 


A  l  <ui‘  ^  V 


|<U>“ | 2  ez  ,  z<0 


where  e  is  the' unit  vector  in  the  positive  z  direction.  Although,  the 
z 

gradient  of  u^  gives  a  radial  direction,  the  average  direction  should  be 
in  the  z  direction  as  expected  from  the  symmetry  of  the  problem  (energy 


flux  is  cancelled  out  along  x  and  y  directions).  Both  Eqs.  (21)  and  (22) 


are,  thus,  important  approximations  in  considering  the  energy  conservation. 


THE  CONFIGURATIONAL  AVERAGE  OF  ENERGY  FLUX,  <S> 


The  energy  flux  (intensity)  is  defined  as  (Morse  and  Ingard,  1968), 

S  -  (p*v  +  p  v  )/2  (23) 

which  is  an  important  quantity  in  wave  propagation  theory  for  considering 
energy  conservation.  Since  we  define 

v  -  V\p  (24) 

from  potential  theory  and  thus  we  obtain 


p  =  iwp0tj»  (25) 

from  linearized  momentum  equation.  Therefore  the  energy  flux  can  be  expressed 
in  terms  of  ip  as: 


S  =•  iwPg  Op  V\p  -  ipV'p  )/2. 


(26) 


The  configurational  average  of  the  energy  flux  becomes 


<S>  =  iojpQ[<^  Vt p>  -  <'pVip*>  ]  /2 


(27) 


and  it  contains,  now,  both  coherent  and  incoherent  components. 


Since  ip  *  tp^  +  U,  then  substituting  it  into  Eq.  (27)  gives,  taking 

the  real  part  for  magnitude, 

*  *  * 

ip.V'p  ipj  <U>V\p  * 

+  rk +  ^li r1  +  - 


(28) 


in  which  the  following  relationship  (Foldy,  1945) 


<VU>  =  V<U>  (29) 

has  been  employed. 

One  expects  <S>  for  scattered  waves  to  be  going  outward  away  from  the 
plane  on  which  partieLe*  lie.  Since  the  scattering  characteristics  are 
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different  in  the  positive  and  negative  z  directions,  it  is  necessary  to 
separate  <S>  into  two  parts  for  consideration.  Let,  therefore. 


<s> 

-  <s>+, 

z>0 

-* 

“►  — 

<s> 

-  <s>  , 

z<0 

+  4 


where  the  expressions  for  <S>  and  <S>  are  as  follows, 

+*  *  H 

<U>Vti>.  <u  vu> 


*  * 

Ip  Ip  Ip 

<?>+-  +  ri^<u>+  +  — 


-ik 


-] 


ip*\p  ip*  <U>Vip  <u  vu>~ 

<!>-»  a.P0kRe[-^  +  q^<u>~  +  -qs-  +  ~^r~] 1 

On  substituting  the  expressions  for  t p  ,  <U>+  and  <U>~  into  Eqs.  (32)  and 
(33)  one  obtains 

<S>+=  coP()k  [-i>2a  ez  +  Re(-^^U>)1 

*  — 

<S>  *  copQk  ez  -  (C”4(f*)cJj2  ez  +  — )]• 

The  second  term  on  the  RHS  of  Eq.  (34)  (or  the  third  term  on  the  RHS 
of  Eq.  (35)} can  be  further  separated  into  two  parts.  Thus, 


*  +• 
<U  7U>~ 

-ik 


±  V 

>  4  I  <u. 


F  E  _  V 

k  V  +  J  V  • 


Using  Eqs.  (36),  (21)  and  (22),  the  average  energy  flux  <S>  become 

<S>  =  cop  k  [i|»2  (-e  )  4  -^2(  |<U>  +  |2)e  +  I+] 

u  a  z  a  z 

<S>-  =  cop  k  [ f -e  )  +  V2  (C~+C~*)(-e  )  +  ^2(|<U>“|2  (-e  )  +  i' 
0  a  z  a  z  a  z 


where 


I+  =  Re(E  <u,  —rr  u  >+)  =  Re(  ..P  <u  V  u  >*  dr  ) 
j  j  ~1-<  j  -ik  j  j  j  j 


f‘  -  ~hr  V}  =  Re(^fe  <U1  V  Vi  d?1) 


j  -ik  j 


ik  J  J  J  J 


^  w.  ^v1  o  «.*  .  Wa  -v  ---•  v 


v  v  - 


(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

]  (38) 

(39) 

(40) 


The  energy  principle  simply  states  that  the  mean  energy  outflow  for 


nondissipative  scatterers,  from  any  enclosed  volume  vanishes  (Twersky, 
1957 ) 


In  order  to  verify  this  a  simple  control  volume  is  assumed  (see  Figure  3). 
For  the  upper  half  plane  (z>0),  we  have 


/ 


<S>+*  dA  =  ojp.k^2  [(-e  )  +  (|<U>+|2)e  ].e 
U  a  Z  Z  Z 


+  upok/- 


r  • 


dA 


while  for  the  lower  half  plane  ( z<0 ) ,  we  have 


(42 


7  <S>-.  dA  =  cop  ki^i2  [ ( — e  )  +  (C~+C~*)(-e  )  +  (|<U>~|2)e  ].(e  ) 

J  u  a  z  z  z  z 


+  upQkfl  . 


dA 


Actually  one  sees  from  Figure  3  that  the  total  average  energy  flux  has  two 

separate  parts.  One  is  the  coherent  energy  flux  which  has  components  either 

in  positive  or  negative  z  direction  hut  not  in  x  and  y  directions.  The 

other  is  the' power  scattered  into  all  directions  (specified  hy  e  )  and 

r 

•  . .  . 

called  the  incoherent  energy  flux,  i.e.  I  and  I  .  After  adding  Eq.  (43) 

to  (42)  it  gives 


j< S>  •  dA  =  wpQki42  C  (C~+C-*)  +  (j<U>+[2  +  |<U>"|2] 


k/l 


(44 


+  cop^k  /  I  •  dA. 


*7  * 

The  term  u,  — rr  u  appearing  in  I  and  I  in  the  p  p  term  is  related  to  the 

J  — IK  J  S  S 

scattering  cross  section  a  (see  Appendix),  and  one  can  show  that 


and 


/I  .  dA  =P(a+  +  a~)y2  =  po\p2 

3,  3. 


vhere 


a-.fo 


q(a)da. 


2  +  2 
After  dividing  Eq.  (44)  by  \p  up  k  and  neglecting  the  terms  |<U>  |  and 

a  u 

—  2  +  2  ~ 

|<U>~  |  (of  order  |C“|  which  are  small  compared  with  |c|),  we  obtain 


/• 


<S>-  dA  =  (c~  +  C~  )  +  pa  (46 

The  first  term  on  the  RHS  of  Eq.  (46),  using  Eq.  (12),  then  becomes 


(Cf  +  C~*)  =  -Uirp  Im(f(a,ir)  )/k.  (47 

Substituting  Eq.  (47)  back  into  (46)  one  sees,  using  the  forward  scattering 
theorem  (Morse  and  Ingard  ,  1968) 


/■ 


<S>  •  dA  =  p[5  -  4TrImf(a,ir))/k]  =  0  (48 

Eq.  (48)  states  that  the  energy  flux  coherently  transmitted  is  cancelled 


out  by  that  incoherently  scattered  which  verifies  the  energy  principle 
for  nonabsorbing  scatterers  as  mentioned  by  Twersky  (1957)- 


RESULTS  AND  DISCUSSIONS 


In  Figures  4  and  5  we  present  the  computed  values  of  the  intensity, 

2  2 

which  has  been  normalized  by  to  p^^/c,  versus  the  nondimens ional  frequency 
ka  for  sparse  distributions  of  particles.  One  sees  from  Figures  4  and  5 
that  the  contribution  of  the  coherent  intensity  toward  the  total  back- 
scattered  intensity  is  quite  small;  therefore,  it  can  be  neglected  for 
high  values  of  ka.  As  expected,  the  coherent  intensity  is  hundred  times 
larger  when  the  concentration  changes  from  0.002  to  0.02  while  the  total 
intensity  is  only  ten  times  bigger.  The  size  distribution  seems  to  affect 
the  intensity  little  which  may  be  due  to  the  reason  that  it  is  a  Rayleigh 
distribution  and  the  cutoff  size  is  limited  in  our  case.  However,  this 
should  be  investigated  further  for  an  even  denser  distribution.  Moreover, 
the  randomness  in  shape  can  also  be  included  in  the  configurational  average 
consideration  through  the  T-matrix  for  arbitrary  scatterer  if  it  is  required. 

The  present  study  takes  into  account  the  interactions  among  scatterers 
but  the  higher  order  scattering  terms  are  ignored  due  to  the  sparse  dis¬ 
tribution  and  low  concentration  of  scatterers.  For  high  concentrations  of 
scatterers,  the  complete  introduction  of  the  higher  order  scattering  terms 
plus  the  appropriate  distribution  function  are  required  to  analyze  the 
problem  using  the  multiple  scattering  theory  and  it  is  discussed  in  the 
Appendix. 
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APPENDIX 


The  configurational  average  of  ip  presented  in  this  paper  is  for 
sparsely  distributed  scatterers  on  a  plane.  In  other  words,  the  intensity 
calculation  based  on  Eqns.  (16-19)  is  valid  only  for  a  moderate  con¬ 
centration  of  particles.  As  can  be  seen  in  Varadans'  previous  work, 
in  order  to  accurately  compute  the -scattering  response  from  a  dense 
distribution  of  scatterers,  the  pair  correlation  function  which  is  a 
necessary  description  of  the  relative  position  of  one  scatterer  to  the 
other  must  be  taken  into  account  in  the  multiple  scattering  theory.  The 
introduction  of  the  pair  correlation  function  not  only  enables  us  to 
physically  explain  the  results  but  also  compare  the  results  quite  well 
with  the  available  experimental  measurements.  In  fact,  the  single 
scattering  theory  or  several  modified  multiple  scattering  estimation 
without  considering  the  pair  correlation  function  yields  unphysical 
numerical  results  which  inevitably  exist  when  plotting  against  either 
frequency  or  concentration. 

To  describe  the  positions  of  the  scatterers  in  a  monolayer,  a  two 
dimensional  distribution  function  specified  by  p(|Rl)  for  randomly  dis¬ 
tributed  impenetrable  disks  is  to  be  introduced  here  for  the  intensity 
calculation  for  high  concentration  of  particles.  Since  the  top  view  of 
the  scatterers  on  a  plane  is  essentially  that  disks  distributed  in  a 
monolayer,  we  may  assume  that  the  cross  section  of  each  scatterer  which 
can  be  arbitrary  in  shape  is  enclosed  by  a  circular  disk  lying  on  a  plane. 

To  this  end,  hard  disk  pair  correlation  functions  p ( f R I )  are  obtained  for 
2 

pd  up  to  0.7  (  'd'  is  the  diameter  of  the  disk  )  by  solving  Percus-Yevick 
equations  in  two  dimensions. 

The  modification  of  equations  for  the  intensity  calculation  for  high 
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concentrations  of  scatterers  is  only  through  Eq.(19)  by  introducing 

the  two  dimensional  pair  correlation  function  p(|R|).  One  should  notice 

that  R  is  now  a  planar  vector  connecting  centers  of  two  circular  disks 

of  the  same  size.  The  pair  correlation  function  for  non-circular  hard 

disks  as  well  as  a  size  distribution  of  circular  disks  can  also  be  imple- 

* 

mented  in  the  intensity  calculation  for  monolayer  scatterers,  however, 

they  are  beyond  the  scope  of  this  paper.  The  modified  equation  using 

2 

Eq.(19),  after  some  manipulation,  for  \p  is  thus  written  as 

<l^'l  >  =  P  //£<ujUk>jk  p(Rjk)-<u.>..  <  ufc>  ^  d  r  j  dr  k  +  p/<luj  >  .dr.,  (A1) 

which  can  be  found  its  equivalent  form  in  Twersky's  work  [1983].  The 
remaining  part  is  then  to  carry  out  the  integral  numerically  on  the  computer 
to  obtain  the  incoherent  intensity  for  the  interested  concentrations  and 
frequencies.  The  procedures  involved  are  explained  in  the  main  text  and 
will  not  be  repeated  here. 

There  are  a  number  of  approximate  integral  equations  as  well  as  quasi- 
exact  approaches  to  obtain  the  pair  correlation  for  hard  spheres  and  the- 
details  can  be  founf  elsewhere.  However,  for  hard  disks,  a  published  table 
of  pair  correlation  function  for  various  concentrations  is  incomplete,  at 
least  to  our  interest.  In  order  to  obtain  a  table  of  pair  correlation 
function  p(|R|)  for  a  wide  range  of  concention,  we  used  the  following 
procedures  as  mentioned  in  Steele's  paper  [1975].  For  hard  disks, 

p(IRl)  =  exp[  — u ( I Rl)/kT  ]y(IR|),  (A2) 

where  u((Ri)  is  the  inter-scatterer  potential,  k  is  the  Boltzmann  constant, 

T  is  the  temperature  and  y(|R|)  is  generated  using  the  two  dimensional 
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Percus-Yevick  equation  which  can  be  written  as 


y(l R±jl  )  =  1  +  2pfd0f0  y(|RlkJ  )[y(|Rjkl  )H(|Rjk|  -d)-l]dadrjkdrik  ,  (A3) 

where  a  is  the  angle  between  R^k  and  R^k  and  H(x)  is  the  Heavyside 
function  equal  to  zero  for  x  <0  and  unity  for  x  >0. 

The  pair  correlation  function  can  thus  be  obtained  using  Eq.(A2) 
through  the  direct  numerical  iteration  for  y(|R|)  in  Eq.(A3).  Several 
sets  of  the  pair  correlation  function  p(|R|)  for  different  concentrations 


as  a  function  of  the  separation  distance  between  disks  are  presented  in 
Tables  I-VII  and  graphically  in  Figure  6. 


Figure  5.  Nondimensional  total  intensity  ver'smj 
nondimens ional  frequency 


to  to  to  to  to  i- 
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TABLE  I.  Pair  correlation  function  p(R)  for  pd  = 


1.02 
1.06 
1.10 
1 .  14 
1 .18 
1.22 
1.26 

1.30 

1.34 

1.38 

1.42 

1.46 

1.50 
1.54 

1.58 
1.62 
1.66 

1.70 

1.74 

1.78 
1.82 
1.86 

1.90 

1.94 

1.98 
.02 
»  06 
.  10 
.14 
.  18 

2.22 

2.26 

2.30 

2.34 

2.38 

2.42 

2.46 

2.50 
2.54 

2.58 
2.62 
2.66 

2.70 

2.74 

2.78 
2.82 
2.86 

2.90 

2.94 

2.98 


1.13220 
1 . 12351 
1 .11503 
1 . 10674 
1.09908 
1.09126 
1.08351 
1.07647 
1.06848 
1.06208 
1.05509 
1.04878 
1.04248 
1.03701 
1.03114 
1.02561 
1.02059 
1.01569 
1.01150 
1.00735 
1.00391 
1.00048 
0.99778 
0.99569 
0.99462 
0.99494 
0.99557 
0.99619 
0.99677 
0.99728 
0.99775 
0.99816 
0.99853 
0.99885 
0.99913 
0.99937 
0.99958 
0.99975 
0.99988 
0.99999 
1.00007 
1.00013 
1.00017 
1.00019 
1.00020 
1.00019 
1 .00018 
1.00016 
1.00013 
1 .00010 


1.04 
1.08 
1.12 
1 .  16 
1.20 

1.24 
1.28 

1.32 

1.36 

1.40 

1.44 
1.48 

1 .52 

1.56 
1.60 

1.64 
1.68 

1.72 

1.76 
1.80 

1.84 
1.88 

1.92 

1.96 
2.00 
2.04 
2.08 
2.12 
2.16 
2.20 

2.24 
2.28 

2.32 

2.36 

2.40 

2.44 
2.48 

2.52 

2.56 
2.60 

2.64 
2.68 

2.72 

2.76 
2.80 

2.84 
2.88 

2.92 

2.96 
3.00 


1 . 12775 
1.11935 
1 .11093 
1 . 10282 
1.09524 
1.08769 
1.07968 
1.07283 
1.06532 
1.05864 
1.05199 
1.04569 
1.03981 
1.03424 
1.02847 
1.02297 
1.01824 
1.01362 
1.00955 
1.00553 
1.00215 
0.99903 
0.99668 
0.99506 
0.99469 
0.99525 
0.99589 
0.99649 
0.99703 
0.99752 
0.99796 
0.99835 
0.99870 
0.99900 
0.99926 
0.99948 
0.99967 
0.99982 
0,99994 
1.00004 
1.00011 
1.00016 
1.00019 
1.00020 
1.00020 
1.00019 
1.00017 
1.00014 
1 .00012 
: . 00007 


AV-'.NV/.v'.V.V.V.-w*  *.v. 
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TABLE  II. 

Pair  correlation 

function  p(R) 

for  pd2  =0.2 

-  -  - 

R/d 

P(R) 

R/d 

P(R) 

•  v’v 

1.02 

1.29095 

1.04 

1.27949 

-■  % 

1.06 

1.26944 

1.08 

1.25876 

1 .10 

1.24888 

1.12 

1.23853 

- . 

1  . 14 

1.22793 

1  .  16 

1.21872 

1 .18 

1.20935 

1.20 

1.19986 

1.22 

1 . 19033 

1.24 

1.18011 

1.26 

1 .17152 

1.28 

1 .16310 

- 

1 .30 

1 , 15373 

1.32 

1 .14629 

1.34 

1 .13745 

1.36 

1.12885 

1.38 

1 .12067 

1.40 

1 .11269 

1.42 

1 . 10561 

1.44 

1 .09781 

1.46 

1.09068 

1.48 

1.08384 

1.50 

1.07634 

1.52 

1.06903 

“  4 

1.54 

1.06278 

1.56 

1.05628 

1.58 

1.05053 

1.60 

1.04441 

•V-V- 

1.62 

1.03855 

1.64 

1.03308 

v"v* 

1.66 

1.02712 

1.68 

1 .02210 

1.70 

1.01686 

1.72 

1.01272 

1.74 

1.00824 

1.76 

1.00342 

1 . 78 

0.99988 

1.80 

0.99615 

•  v'v 

1.82 

0.99259 

1.84 

0.98888 

1.36 

0.98631 

1,88 

0.98427 

,*«  , 

1.90 

0.98173 

1.92 

0.97950 

1 .94 

0.97831 

1.96 

0.97760 

1.98 

0.97739 

2.00 

0.97814 

2.02 

0.97970 

2.04 

0.98142 

2.06 

0,98310 

2.08 

0.98464 

2.10 

0.98604 

2.12 

0.98740 

.  .♦ 

2.14 

0.98862 

2.16 

0.98986 

2.18 

0.99093 

2.20 

0.99200 

2.22 

0.99299 

2.24 

0.99380 

2.26 

0.99470 

2.28 

0.99544 

2.30 

0.99621 

2.32 

0.99690 

2.34 

0,99751 

2.36 

0.99809 

2.38 

0.99858 

2.40 

0.99908 

V  *.N 

2.42 

0.99946 

2.44 

0.99982 

' 

2,46 

1.00013 

2.48 

1.00037 

2.50 

1.00067 

2.52 

1.00088 

2.54 

1 .00103 

2.56 

1.00116 

2.58 

1.00127 

2.60 

1.00136 

•;  V- 

2.62 

1.00141 

2.64 

1 .00144 

2.66 

1,00149 

2.68 

1 ,00147 

'  /- 

2.70 

1.00145 

2.72 

1.00139 

2.74 

1 .00133 

2.76 

1 .00126 
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2.80 
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R/d 

p(R) 

R/d 

p(R) 

2.32 

1 . 00099 

2.34 

1.00088 

2.86 

1.00077 

2.88 

1,00066 

2.90 

1.00055 

2.92 

1.00045 

2.94 

1.00035 

2,96 

1 .00025 

2.98 

‘  1.00017 

3.00 

1.00009 

3.02 

1.00002 

3.04 

0.99996 

3.06 

0.99991 

3.08 

0.99986 

3.10 

0.99982 

3.12 

0.99979 

3,14 

0.99976 

3.16 

0.99974 

3.18 

0.99972 

3.20 

0.99971 

3.22 

0.99970 

3.24 

0.99970 

3.26 

0.99969 

3.28 

0.99969 

3.30 

0.99970 

3.32 

0.99970 

3.34 

0.99971 

3.36 

0.99972 

3.38 

0.99973 

3.40 

0.99974 

3.42 

0.99975 

3.44 

0.99977 

3.46 

0.99978 

3.48 

0.99979 

3.50 

0.99981 

3.52 

0.99982 

3.54 

0.99984 

3 . 56 

0.99985 

3.58 

0.99986 

3.60 

0.99988 

3.62 

0.99989 

3  ♦  64 

0.99990 

3.66 

0.99991 

3.68 

0.99992 

3.70 

0.99993 

3.72 

0.99994 

3.74 

0.99995 

3.76 

0,99996 

3.78 

0,99997 

3,80 

0.99997 

3.82 

0.99998 

3.84 

0.99999 

3.86 

0.99999 

3.88 

0.99999 

3.90 

1.00000 

3.92 

1.00000 

3.94 

1 .00000 

3.96 

1,00000 

3.98 

1 . 00001 

4.00 

1 . 00001 

30 

TABLE  III. 

Pair  correlation 

function 

p(R)  for  pd^  =  0.3 

— 

R/d 

p(R) 

R/d 

P(R) 

. ; 

1 . 02 

1 ,500.77 

1.04 

1.47856 

1  » 06 

1.45764 

1.08 

1.43728 

"•  ***  ."i 

1  . 10 

1.41595 

1.12 

1.39604 

1  *  14 

1.37613 

1.16 

1.35800 

1.18 

1 .34087 

1,20 

1.32312 

1.22 

1 .30466 

1 .24 

1.28858 

1 .26 

1.26908  ■ 

1.28 

1.25196 

1.30 

1.23820 

1.32 

1.22204 

_  ■ 

1.34 

1 . 20216 

1.36 

1 .18897 

1.38 

1 .17537 

1.40 

1 . 16095 

1.42 

1 .14610 

1.44 

1 .13362 

1.46 

1 . 12055 

1.48 

1.10848 

1.50 

1.09578 

1.52 

1.08604 

1.54 

1 .07560 

1.56 

1.06532 

n  i 

1.58 

1.05314 

1.60 

1.04323 

1.62 

1.03232 

1.64 

1.02283 

1.66 

1.01476 

1 » 68 

1.00682 

1.70 

0.99786 

1.72 

0.99158 

1 . 74 

0.98496 

1.76 

0.97916 

1.78 

0.97199 

1.80 

0.96681 

— - - 

1.82 

0.96261 

1.84 

0.95763 

r  1 

1.86 

0.95304 

1.88 

0.94960 

•  *  *'  » 

1 .90 

0.94710 

1.92 

0.94539 

1.94 

0.94421 

1.96 

0,94481 

1.98 

0.94636 

2.00 

0.95034 

2.02 

0.95502 

2.04 

0.95980 

2.06 

0.96438 

2.08 

0.96875 

f 

2.10 

0.97284 

2.12 

0,97664 

2.14 

0.98017 

2.16 

0.98346 

2.18 

0.98649 

2.20 

0.98930 

2.22 

0.99185 

2.24 

0,99419 

2.26 

0.99630 

2.28 

0.99823 

2.30 

0.99994 

2.32 

1 .00148 

2.34 

1.00283 

2.36 

1.00402 

2.38 

1.00505 

2.40 

1.00592 

‘  •* 

2.42 

1 .00666 

2.44 

1.00726 

2.46 

1 . 00773 

2.48 

1 .00809 

2.50 

1.00833 

2,52 

1.00849 

2.54 

1 ,00854 

2.56 

1.00852 

*  -v' 

2.58 

1 .00840 

2.60 

1.00821 

2.62 

1.00796 

2.64 

1.00764 

v\\\ 

2.66 

1.00727 

2 . 68 

1.00687 

2.70 

1 .00642 

2.72 

1.00595 

.  /.  ,v 
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2.74 

1.00544 

2 . 76 

1.00493 

2.78 

1 .00440 

2.80 

1 .00386 

—  4 

2.82 

1.00332 

2.84 

1.00278 

?  .86 

1 . 00225 

2.88 

1 .00174 

2,90 

1.00125 

2.92 
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BUBBLES  IN  WATER 
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Fig.  2  Coherent  attenuation  vs  corapressional  wave 
number  for  bubbles  in  water.  Experimental 
data  points  are  from  Ref.  [29]. 

We  now  present  some  results  for  electromagnetic 
ave  propagation  through  a  composite  media  consisting 
f  Revacryl  spheres  dispersed  in  distilled  water.  The 
efractive  Index  of  the  scatterers  is  1.48  while  that 
f  the  distilled  water  is  1.334.  Figure  (3)  shows  an 
xpamle  of  the  behavior  of  real  part  of  refractive  index, 

'  (which  is  related  to  the  phase  velocity)  as  a  function 
f  volume  fraction  occupied  by  the  scatterers(c) ,  while 
igure  (4)  shows  the  variation  of  the  imaginary  part  of 
efractive  index  n"  (which  is  related  to  the  coherent 
ttenuation)  as  a  function  of  concentration  c  of  the 
catterers  for  two  different  wavelengths  X  =  410nm  and 
46nm.  The  agreement  between  our  theory  and  the  experl- 
ent  of  Killey  and  Meeten[31]  is  excellent  even  for  the 
ense  system.  Figure  (5)  shows  again  an  excellent  agree- 
ent  between  theory  and  experiment  for  coherent  intensity 
or  various  values  of  concentration  for  wavelength 
”  546nm.  To  show  that  the  theory  presented  here  is 
alid  even  for  very  high  frequencies  we  have  plotted  the 
esults  of  coherent  attenuation  versus  concentration  c 
or  latex  spheres  in  water  even  for  k  a  =  83.352  where 
s  is  the  wavenumber  of  the  electromagnetic  wave  in  water, 
ee  Figure  6.  The  attenuation  is  normalized  with  respect 
o  single  scattering  approximation  and  is  denoted  by  y. 
he  agreement  between  our  theory  and  the  experiment 
easurements  of  Ishlmaru  and  Kuga(32|  Is  quite  good.  For 
tlier  dielectric-dielectric  composite  media  with  spheri- 
al  and  non-spherical  inclusions,  we  have  shown  excellent 
greement  between  our  theory  and  experiments  of  Ishimaru 
nd  Kuga [17]. 

For  the  study  of  wave  propagation  In  elastic  compo- 
Ite  media,  we  have  taken  a  model  of  a  particulate 
omposlte  containing  a  random  distribution  of  lead 
pheres  in  EPON  828-Z. 


Fig.  3  Phase  velocity  vs  concentration  for  electro¬ 
magnetic  wave  propagation  through  Revacryl 
. dispersions  in  distilled  water.  Experimental 
data  points  are  from  Ref.  [31]. 


Fig.  4  Coherent  attenuation  vs  concentration  for 
the  case  given  in  Fig.  3. 


Fig.  5  Coherent  Intensity  vs  propagation  depth  z. 

Experimental  data  points  are  from  Ref.  [31] 


iriables  but  K,  the  determinantal  equation  can  be 
3lved  numerically  to  yield  the  value  of  the  effective 
ropagation  constant. 


RESULTS  AND  CONCLUSION 


Equation  (27)  can  be  written  in  its  expanded  form 
s  follows: 

o  I  n.  ^ra  |  oo  m  oo  n^  q 
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q”|n^-m|  m«0  p—m  n^*0  m^*— n^ 
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II 


2n 
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(28b) 

(28c) 


quation  (28b)  can  be  obtained  from  (28a)  by  replacing 

U,  T12,  T13,  by  T21,  T22,  T23,  while  (28c)  can  be 

11  12  11  31  32  33 

obtained  by  replacing  T  ,  T  ,  T  by  T  ,  T  .  and  T  . 

In  equations  (28a,b,c),  the  contributions  due  to 
■air-correlation  (unctions  are  given  by  the  expression 
P(T-1,2)  as  follows: 

I  (K.k  c) - ^ - y  [2k  a  j  (2Ka)h'(2ka)- 

<  T  (kTa)2-(Ka)2  T  q  q  T 

2Ka  hq(2kTa)jq(2Ka)J+24cJ|Lx2[g(x)-lJhq(kTx)  (29) 


jq (Kx)dx 

ror  acoustic  wave  problem,  we  get  uncoupled  equation  for 
[.  ;  for  electromagnetic  problem,  we  get  coupled  equa- 
in  l  i 

:ions  In  terras  of  X-  and  X_  ;  for  elastic  wave  problem, 

2n  3n  til 

ie  obtain  coupled  equations  in  terms  of  ,  X2nandX^n. 

Equation  (28)  is  a  system  of  simultaneous  linear  horao- 
[eneous  equations  for  the  unknown  amplitudes  X  For 
i  nontrivial  solution,  we  require  that  the  determinant 
>f  the  truncated  coefficient  matrix  vanishes,  which 
'ields  an  equation  for  the  effective  wave  number  K  in 
:erms  of  k^  and  the  T-matrix  of  the  scatterer.  This  Is 
he  dispersion  relation  for  the  scatterer  filled  medium. 
Equation  (28)  is  a  general  expression  valid  for  any 
irbitrary  shaped  scatterer,  since  the  T-matrix  is  the 
inly  factor  that  contains  information  about  the  exact 
ihape  and  boundary  conditions  at  the  scatterer.  Thus 
:he  formalism  presented  here  is  valid  for  all  the  three 
fave  fields.  The  effective  wave  number  K  obtained  in 
:he  analysis  is  a  complex  quantity,  the  real  part  of 
diich  relates  to  the  phase  velocity,  while  the  Imaginary 
>art  relates  to  attenuation  of  coherent  waves  in  the 
led  i  urn. 


Using  the  theory  outlined  in  previous  sections,  we 
present  some  numerical  results  for  a  variety  of  three- 
dimensional  problems  in  all  three  wave  fields  and  compare 
them  with  some  laboratory  experimental  measurements  to 
show  the  broad  applicability  of  our  multiple  scattering 
approach. 

In  the  Rayleigh  or  low  frequency  limit,  the  size  of 
the  scatterers  is  considered  to  be  small  when  compared 
to  the  incident  wavelength.  It  is  then  sufficient  to 
take  only  the  lowest  order  coefficient  in  the  expansion 
p f  the  fields.  Ac  resonance  and  higher  frequencies,  we 
must  in  general  consider  higher  powers  in  k  a  which 
implies  that  a  larger  number  of  terms  (X  )  must  be  kept 
in  the  Expansion  of  the  average  field.  Numerical  proce¬ 
dure  is  outlined  in  detail  in  our  previous  papers  and 
hence  will  not  be  repeat-d  here. 

In  Figures  1  and  2,  we  have  plotted  the  phase 
velocity  and  attenuation  coefficients  for  bubbles  in 
water.  The  dots  in  these  figures  are  the  experimental 
measurements  by  Silberman[29] .  The  agreement  between 
our  theory  and  experiment  is  extremely  good.  For  this 
composite  media,  "breathing  mode"  resonances  of  the 
bubbles  and  the  associated  marked  variation  of  coherent 
attenuation  and  phase  velocity  occur.  The  curve  of  phase 
velocity  versus  wavenumber  in  water  (matrix  medium)  shows 
an  oscillating  behavior  in  the  resonance  region.  The 
oscillations  in  the  phase  velocity  occur  even  for  sucfi 
low  concentration  between  the  "acoustic"  and  "optical" 
branches  as  evidenced  in  Figure  1.  It  is  interesting 
to  note  that  the  coherent  attenuation  reaches  a  maximum 
value  at  the  "breathing  mode"  resonance  in  the  "acoustic" 
branch.  However,  there  is  not  any  evidence  of  the  loca¬ 
tion  of  the  "optical  branch”  in  the  attenuation  versus 
the  wavenumber  plot,  see  Figure  2.  It  is  to  be  noted 
that  the  imaginary  part  l<2  of  the  effective  wavenumber 
becomes  greater  than  the  real  part  Kj .  This  causes  the 
propagating  wave  in  the  composite  media  to  be  damped  out 
over  a  distance  smaller  than  a  wavelength.  This  so 
called  "superviscous"  propagation  has  also  been  noted  by 
Chaban[30]  and  Varadan  et  nl[20]  for  voids  in  rubber-like 
materials.  It  is  worth  mentioning  at  this  state  that 
the  Kuster  and  Toksoz  model  even  with  the  giant  monopole 
resonance  Included  does  not  present  satisfactory  results 
in  the  "optical  branch". 


BUBBLES  IN  WATER 


bubbles  in  water.  Experimental  data  points  are 
from  Ref .  [29 ) . 


we  obtain 


^•a1  +  n  T  ,  a  ,  (r  )<u^„> . 
n  n  o  n  n  I  nn  ij  n  j 

J  v-v 


8(lr1J|)drj 


(19) 


In  equation  (18),  g(x)  is  the  radial  distribution  func¬ 
tion  assuming  spherically  symmetric  statistics  even  for 
non  spherical  particles,  i.e.  the  exclusion  volume  of 
the  impenetrable  particles  is  assumed  to  be  spherical. 
In  equation  (19),  the  summation  convention  is  used,  and 
if  the  particles  are  identical  Zj*N-l=N  when  N  is  large 
and  v  is  the  exclusion  volume  equal  to  4w(2a)^/3. 


The  joint  probability  density  is  defined  as 


P(rj 


V 


?*(l^j'^il):  IV'i'- 2a 
0  :  2a 


(20) 


Equation  (20)  implies  that  the  particles  do  not  inter¬ 
penetrate  and  the  excluded  volume  is  a  sphere  of  radius 
2a  although  the  particles  themselves  may  be  non-spherical. 
A  suitable  non-spherical  statistics  may  also  be  included 
through  Monte-Carlo  calculation  especially  for  non-spher¬ 
ical  scatterers.  The  function  gd?,-?^)  is  called  the 
pair  correlation  function  and  depends  only  on  j r  -r ,  | 
due  to  translational  invariance  of  the  system  ^  1 

under  consideration. 


Several  models  of  g(x)  are  available.  For  uncorre¬ 
lated  impenetrable  particles 


combined  with  an  adjustable  parameter  and  the  two 
pressure  equations  were  solved  simultaneously  for  P  and 
'4> .  This  is  called  the  self-consistent  approximation 
(SCA)  and  it  is  valid  for  higher  concentrations  than  the 
PYA  and  HNC  models.  Twersky[28]  has  considered  non- 
spherical  statistics  for  spheroidal  scatterers  in  the 
sparse  concentration  limit.  Extending  this  model  to 
dense  systems  and  numerically  implementing  it  for  high 
frequencies  will  be  a  problem  of  interest  to  the  research 
community.  Pair-correlation  functions  by  Monte-Carlo 
simulation  were  used  in  our  numerical  computations. 


PROPAGATION  CHARACTERISTICS  OF  THE  AVERAGE  WAVES  IN 
THE  MEDIUM 


To  solve  the  integral  equations  given  by  (19),  we 
now  assume  that  the  average  field  in  the  medium  is  a 
plane  wave  propagating  in  the  direction  k  of  the 
original  plane  wave  in  the  host  medium,  however,  the 
average  field  propagates  in  an  effective  or  average 
medium  which  is  homogeneous  and  characterized  by  an 
effective  propagation  constant  K-K^+iK^  which  is  complex 
and  frequency  dependent.  Thus 

o  — ^ 

-  i  __  iKk  *r. 

<a  >-X  e  o  i  (23) 

n  n 


and  equation  (13)  can  hence  be  written  as 
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(21) 


This  approximation  for  g(x)  known  as  the  well-stirred 
approximation  (WSA)  is  expected  to  be  valid  for  low 
values  of  concentration  c,  and  as  discussed  by  Bring! 
et  a  1 ( 1 7  J ,  falls  at  c>0.125.  Twersky[l2]  has  used  a 
virial  expansion  to  obtain  g(x)  shown  as 


g(x) 


0,  x<l 

l+8c(l-|x  +  i^x3),  l<x<2 

1,  x>2 


(22) 


which  is  valid  at  low  concentrations. 


Improved  models  of  the  pair  correlation  function 
valid  for  concentrations  up  to  40%  are  the  Percus-Yevick 
approximation  (PYA)  and  the  Hypernetted-Chain  approxima¬ 
tion  (HNC).  The  Percus-Yevick  model[24]  has  been  solved 
analytically  by  Uerthelm[25]  for  the  case  of  hard  impene¬ 
trable  particles.  It  is  expected  to  be  somewhat  better 
than  the  HNC (261.  One  of  the  defects  of  the  PYA  is  that 
the  two  equations  that  can  be  derived  for  the  pressure  P 
in  a  fluid  containing  "hard"  particles  lead  to  different 
answers  when  the  PYA  for  g(x)  are  substituted  in  them. 
Rowl inson [ 27 ]  remedied  this  by  assuming  that  the  direct 
correlation  function  which  is  the  short  range  part  of 
the  correlation  function  is  a  linear  combination  of  the 
ones  resulting  from  the  PYA  and  HNC  models.  They  were 


The  second  term  on  the  RHS  of  equation  (24)  can  be  con¬ 
verted  into  a  surface  Integral  using  the  divergence 
theorem  and  surface  integral  on  S„,  which  defines  the 
boundary  of  the  system,  cancels  the  incident  wave  term 
on  the  RHS  of  equation  (24),  Thus  equation  (24) 
simplifies  to 
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(Kx)hx(kx)x  dx 

where  D  ,  O)  is  Che  vestige  of  the  translation  matrix 
after  tfie  spatial  and  angular  parts  have  been  absorbed  In 
the  integration.  Different  expressions  result  depending 
on  whether  we  are  discussing  acoustic,  electromagnetic 
or  elastic  wave  propagation.  Equation  (25)  can  be 
rewritten  as 


(6  ,-M  f )X  ,®0 
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The  dispersion  equation  for  the  effective  medium  is  then 
simply 


1-5  ,-M  , 

nn  nn 
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(27) 


which  depends  on  k*'.**/c,  the  effective  wavenumber  K,  the 
number  density  n  ,  the  exclusion  volume  v,  the  T-matrix 
or  the  scatterer  characteristics  and  a  model  for  tlu» 
radial  distribution  function.  Bv  assuming  values  for  ail 


. . . 


(acoustic  waves  in  fluids) 

(4) 

/  p/p 

(elastic  waves) 

(5) 

C//  Pr  Er 

(electromagnetic  waves) 

(6) 

In  equations  (3)  -  (6),  cp  and  cs  refer  to  compression- 
al  and  transverse  wave  velocities,  respectively. 

In  equation  (6),  C  refers  to  the  velocity  of  light  in 
free  space.  The  corresponding  quantities  inside  the 
scatterers  are  differentiated  by  subscript  1.  For 
brevity,  we  use  the  notation  k  for  the  wave  numbers; 

T  «  1  corresponds  to  compressional  wave  while  T  ■  2,3 
corresponds  to  shear  wave. 

The  total  field  at  any  point  in  the  matrix  (outside  the 
scatterers)  is  the  sum  of  the  incident  field  and  the 
fields  scattererd  by  all  the  scatterers.  This  is 
written  as 

u(r)  -  u  (r)  +  Z  u®(r-r  )  (7) 

1*1  1  1 

where  u*(r  -  r^)  is  the  field  scattered  by  the  i-th  • 
scatterer  to  the  point  of  observation  r.  This  expres¬ 
sion  by  itself  does  not  provide  a  complete  formulation 
of  the  multiple  scattering  problem(22].  In  order  to 
complete  the  formulation,  we  require  an  expression  for 
u*  which  in  turn  depends  on  the  field  actually  exciting 
on  the  i-th  scatterer.  The  exciting  field  on  the  i-th 
scatterer  is  the  incident  field  u°  plus  the  sum  of  the 
fields  scattered  by  ail  the  other  scatterers: 

-*■  -»f>  -►  N  — ,  Q  »  .  ,  , 

u4(r)  -  u  (r)  +  ^  Uj(r-r _.)  ,  a^lr-rj^a  (8) 

where  'a'  is  the  radius  of  the  imaginary  sphere  circum¬ 
scribing  a  scatterer.  In  this  analysis,  we  have  assumed 
that  there  is  no  interpenetration  of  the  imaginary 
spheres  of  radius  'a'  which  circumscribe  each  scatterer. 
The  system  of  equation  (7)  and  (8)  provide  one  of  the 
standard  formulations  of  the  multiple  scattering  problem. 

Although  a  general  dispersion  equation  can  be  de¬ 
rived  as  in  TwerskyflO],  in  order  to  obtain  explicit 
results  for  particular  shapes  of  scatterers,  one  has 
to  expand  the  exciting  and  scattered  fields  in  a  con¬ 
venient  set  of  basis  functions,  such  as  spherical  wave 
functions.  Let  On  ipn  generally  denote  outgoing  functions 
(Hankel  functions)  and  functions  regular  at  the  origin 
(Bessel  functions).  We  dispense  with  vector  notation 
and  the  abbreviated  index  may  denote  n-*T,  m,  O;  T»l, 
2,  3,  i  e  (o,*J;  m  e  (o,  £).  Thus  the  present  discus¬ 
sion  can  apply  equally  well  to  acoustic  (T“l  only), 
electromagnetic  (l”2,  3  only)  or  elastic  (T*l,2,3)  wave 
propagation. 

-V 

At  a  field  point  r  in  the  host  medium,  the  incident, 
scattered  and  exciting  fields  are  expanded  as  follows, 

u°(?)  -  Z  a  Re  i|i  (?)  (9) 

n  n 


and 


u®(r)«£  f  1  ou  p  (?-?); | r-r  |>2a 
t  n  n  n  i  i 


(12) 


where  r  denotes  the  center  of  the  i-th  scatterer,  and-' 
'a1  is  the  radius  of  the  sphere  circumscribing  any 
scatterer.  The  coefficients  f*  and  nt*  are  unknown  but 
are,  however,  related  via  the  T-matrix,  which  can  be 
numerically  calculated  for  scatterers  of  arbitrary  shape 
using  Waterman's  extended  boundary  condition  method[23]. 
Thus , 


,i  r  ,  i 
f  - T.  ,T  ,nt  , 
n  n  nn  n 


(13) 


where  we  have  assumed  that  all  scatterers  are  identical. 


Substituting  equations  (11)  -  (13)  in  (8)  and  using 
the  translation-addition  theorems  for  spherical  wave- 
functions  and  the  orthogonality  properties  of  spherical 
harmonics [23] ,  we  obtain 


i 

■a 

n 


+  Z  Z 

iH  n’ 


o  ,(r.-r  )T  ,  „aJ„ 
nn  j  i  n  n  n 


(14) 


where 

ou  ip  (?-?.)=£  ot  ,(?.-r  )Re  p  ,  (r-r  ) 
n  J  n  nn  1  i  n  i 


(15) 


and  onn,  is  the  translation  matrix  for  spherical  wave- 
functions[23] . 


Equation  (14)  is  averaged  over  the  positions  of  the 
scatterers  to  yield  an  equation  of  the  form 


<a1>  -a1  +  Z  Z  Z  T  ,  „  0  ,(?-?) 

n  i  n  n'  n"  "  n  nn’  i  i 


<an">ij  P(?jl?i)dr>3 


(16) 


where 


i  ikk  . r  , 
a  »a  e  o  i 
n  n 


p(r  .  I r i >  is  the  conditional  probability  distribution 
and^  <1n">  1 1  t*,e  conditional  average  of  with 

the  positions  of  both  the  i-th  and  j-th  scatterers 
held  fixed. 


It  is  obvious  that  equation  (16)  results  in  an 
infinite  heirarchy  because  <a^»> .  .  is  related  to  .. 

and  so  on.  The  QCA  first  invoked  by  Lax [3, 4]  and  1 

also  Independently  by  Twersky[7J  simply  states  that 

^ij  *  07) 

i.e.,  the  conditional  expectation  of  •r*  is  independent 
of  the  position  of  the  i-th  scatterer.  This  would  be 
an  exact  statement  if  the  system  was  perfectly  crystal¬ 
line,  because,  in  this  case  the  position  of  every  scat¬ 
terer  in  the  system  is  fixed  and  the  neighborhood  of 
every  scatterer  is  the  same.  The  QCA  required  only  a 
knowledge  of  two  body  correlations. 


with  for  example 


a 

n 


(10) 


for  plane  acoustic  waves  propagating  along  kQ  and 
^imo  are  ®p6erical  harmonics: 

ul<p)*“nan  Re  ’li^r-r^  ;  1?-?^  ^2a  (11) 


Substituting  equation  (17)  In  (16)  and  noting  that 


P(rj|ri 


0; I rj-r± | <2a 


|  R<|r11l);|?.-?iMrll|>  2a  (18) 
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ABSTRACT 

A  unified  theory  for  acoustic,  electromagnetic  and 
elastic  wave  propagation  in  composite  media  is  presented 
The  theory  is  based  on  multiple  scattering  formalism 
developed  by  che  authors  which  involves  the  T-raatrix  of 
a  single  scatterer,  pair-correlation  functions  to 
account  for  the  Interaction  between  scatterers  and  a 
suitable  configurational  averaging  procedures.  Results 
are  presented  for  acoustic,  electromagnetic  and  elastic 
wave  cases  and  are  compared  with  experimental  measure¬ 
ments. 

INTRODUCTION 

In  this  paper,  the  term  "composite  media"  is  used 
to  define  a  two  phase  system  consisting  of  a  continuous 
phase,  said  to  be  the  matrix  (host)  phase,  with  discrete 
Inclusions  (scatterers)  of  general  shape.  When  a  wave 
is  incident  in  such  composite  media,  it  undergoes  multi¬ 
ple  scattering  thus  reducing  che  amplitude  of  the  coher¬ 
ent  wave,  and  one  is  interested  in  studying  che  dynamic 
behavior  of  the  composite  media  via  the  phase  velocity, 
coherent  attenuation,  effective  elastic  or  dielectric 
properties,  etc. 

The  study  of  wave  propagation  and  scattering  in 
composite  media  is  growing  at  a  rapid  rate  resulting  in 
many  theoretical  developments  and  experimental  measure¬ 
ments.  As  with  any  rapidly  expanding  field,  the  contri¬ 
butions  are  often  diverse  and  sometimes  fragmentary; 
some  theories  are  based  on  solid  theoretical  foundations 
while  others  are  based  on  no  more  chan  empirical  fits 
to  limited  secs  of  data.  Except  for  quasi-static  case, 
most  of  the  available  results  by  various  theories  dif¬ 
fer  widely  that  any  clear  interpretation  of  the  dynamic 
behavior  of  composite  media  can  not  be  achieved  over 
a  range  of  frequency.  The  aim  of  this  work  is  to  pre¬ 
sent  a  unified  theory  for  all  three  wave  fields,  namely 
acoustic,  electromagnetic  and  elastic  cases  and  a  com¬ 
putational  scheme  for  obtaining  such  frequency  dependent 
parameters  including  comparison  witli  some  experimental 
measurements. 


che  single  scattering  approach  neglecting  multiple  scat¬ 
tering  or  interaction  between  scatterers.  A  multiple 
scattering' formalism  was  Introduced  by  Foldy[2|  where  he 
had  obtained  a  closed  form  expression  for  the  effective 
wavenumber  of  the  coherent  wave  for  the  case  of  point 
scatterers.  A  quasicrystalline  approximation  was 
developed  by  Lax(3,4]  which  involves  two  particle  corre¬ 
lation  function.  In  a  series  of  papers,  Twersky [5-14] 
presented  a  thorough  analysis  giving  various  orders  of 
multiple  scattering  using  various  forms  of  pair-correla¬ 
tion  functions.  Recently,  Varadan  et  al  and  Bringi  et  al 
[15-21]  have  presented  a  rigorous  multiple  scattering 
approach  which  lends  Itself  to  a  numerical  computations 
for  a  range  of  frequencies  and  concentrations  and  for 
more  realistic  geometries  of  the  scatterers.  Pair- 
correlation  functions  are  used  in  these  analyses  using 
Percus-Yevick  Approximation  (P-YA) ,  Self-Consistent 
Approximation  (SCA)  and  "exact"  Monte  Carlo  computations. 


FORMULATION  BASED  ON  SCATTERING  THEORY 


We  consider  N  number  of  three-dimensional  arbitrary 
shaped  scatterers  randomly  distributed  in  an  elastic 
(matrix)  medium.  The  orientation  of  the  scatterers  may 
be  quite  general.  We  describe  the  medium  and  the  scat¬ 
terers  for  all  three  wave  fields.  For  an  acoustic  prob¬ 
lem,  we  consider  fluid  scatterers  immersed  in  another 
fluid,  bubbles  in  a  fluid,  elastic  or  viscoelastic 
scatterers  Immersed  in  a  fluid,  etc.  For  an  electro¬ 
magnetic  scattering  problem,  we  consider  dielectric 
scatterers  in  free  space,  dielectric  scatterers  embedded 
in  a  different  dielectric  medium,  etc.  For  an  elastic 
wave  scattering  problem,  we  consider  elastic  er  visco¬ 
elastic  Inclusions  embedded  in  another  elastic  or  visco¬ 
elastic  material,  stress  free  or  fluid  filled  cavities 
and  cracks  in  an  elastic  or  viscoelastic  material,  ore. 
The  properties  of  the  medium  and  the  scatterers  are  given 
in  terms  of  Lame"  constants  X,u  and  density  f  for  an 
elastic  material,  compressibility  Xf  and  densitv  ,> f  for 
non-viscous  fluids  and  relative  dielectric  constant  >r 
and  permeability  ur  with  resnect  to  free  space  describing 
dielectric  medium.  We  use  subscript  1  to  denote  these 
qualities  Inside  the  scatterers. 


A  time  harmonic  plane  wave  of  unit  amplitude  and 
frequency  'O  ia  incident  on  the  medium  such  chat  the 
direction  of  propagation  of  the  Incident  waves  is  along 
the  z-axls.  The  incident  wave  field  may  then  be  repre¬ 
sented  by 


'-*o 
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i(k  z  -  ait)- 
e  p  z 


.  i(k  z 
He  s 


"’C)x 


(!) 


where  kp  and  k  are  compressional  (Longitudinal)  and 
transverse  (stilar)  wave  numbers,  respectively,  and  t  is 
the  time.  The  acoustic  waves  are  purely  compressions l 
type  and  thus,  the  second  term  of  equation  (L)  is  set 
equal  to  zero;  for  electromagnetic  waves  which  are  trans¬ 
verse  type,  the  first  term  on  the  right  hand  side  of  (1) 
is  zero;  for  elastic  waves  which  contain  both  rnmpres- 
sional  and  transverse  types,  ill  the  term  of  (1)  are 
present.  For  acoustic  and  elastic  wave  problems,  u' 
refers  to  the  incident  displacement  field  vector,  while 
for  electromagnetic  case,  it  refers  to  tire  incident 
electric  field  vector.  Tn  ea nation  il),  wo  use  the 
superscript  (o)  to  indicate  an  Incident  wave.  The  wave 
numbers  k„  and  ks  are  given  by 

k  •  w/c  ;  k  »  to/c  ,  (2) 

P  P  s  ’ 

respectively,  where 


Lord  Rayleigh[lj  first  addressed  the  problem  using 


P 


(X  +  2|.)  /t> 


(elastic  waves) 


(3) 


TABLE  VII.  — "-continue 


R/d 

p(R) 

2.94 

0  91460 

2.98 

0.93330 

3.02 

0.95538 

3.0<S 

0.97910 

3.10 

1.00244 

3.14 

1.02362 

3.18 

1.04147 

3.22 

1.05516 

3.26 

1.06432 

3.30 

1.06895 

3.34 

1.06934 

3.38 

1.06600 

3.42 

1.05961 

3.46 

1.05085 

3.50 

1 .04044 

3.54 

1.02905 

3.58 

1.01733 

3.62 

1.00586 

3.66 

0.99515 

3.70 

0.98562 

3.74 

0.97762 

3.78 

0.97143 

3.82 

0.96722 

3.86 

0.96506 

3.90 

0.96493 

3.94 

0.96673 

3.98 

0.97019 

4.02 

0.97489 

4.06 

0.98049 

4.10 

0.98666 

4.14 

0.99302' 

4.18 

0.99919 

4.22 

1.00485 

4.26 

1.00976 

4.30 

1.01375 

4,34 

1.01662 

4.38 

1.01833 

4.42 

1.01887 

4.46 

1.01834 

4.50 

1.01690 

4 . 54 

1 .01470 

4,58 

1.01187 

4.62 

1.00865 

4 . 66 

1.00522 

4.70 

1.00170 

4 , 74 

0.99826 

4 . 78 

0.99518 

4.82 

0,99253 

4.86 

0.99042 

4.90 

0.93910 

4.94 

0.98882 

».?3  • 

0.09174 

R/d 

p(R) 

2.96 

0.92345 

3.00 

0.94401 

3.04 

0.96717 

3.08 

0.99094 

3.12 

1.01338 

3.16 

1.03302 

3.20 

1.04887 

3.24 

1.06031 

3.28 

1.06719 

3.32 

1.06965 

3.36 

1 .06809 

3.40 

1.06314 

3.44 

1.05548 

3.48 

1.04581 

3.52 

1.03483 

3.56 

1.02319 

3.60 

1.01153 

3.64 

1.00038 

3.68 

0.99021 

3.72 

0.98141 

3.76 

0.97429 

3.80 

0.96907 

3.84 

0.96588 

3.88 

0.96474 

3.92 

0.96560 

3.96 

0.96827 

4.00 

0.97241 

4.04 

0.97760 

4.08 

0.98353 

4.12 

0.98984 

4.16 

0.99616 

4.20 

1.00212 

4.24 

1.00741 

4.28 

1.01189 

4.32 

1.01532 

4.36 

1.01763 

4.40 

1.01875 

4.44 

1.01873 

4.48 

1.01773 

4.52 

1.01590 

4.56 

1.01334 

4.60 

1.01033 

4.64 

1.00694 

4.68 

1.00348 

4,72 

0.99996 

4,76 

0.99668 

4.80 

0.99380 

4.84 

0.99140 

4 . 88 

0.98967 

4.92 

0.93876 

4.96 

0.98972 

5.00 

0.99444 

TABLE  VII.  Pair  correlation  function  p(R)  for  pd 


R/d 

P(R) 

1.02 

3.18014 

1 .06 

2.81434 

1  . 10 

2  ..47818 

1.14 

2.19006 

1.18 

1.95757 

1.22 

1.73154 

1.26 

1 . 52250 

1.30 

1.35086 

1.34 

1 .17413 

1.38 

1.05541 

1.42 

0.94899 

1.46 

0.86892 

1.50 

0.81197 

1.54 

0.77486 

1.58 

0.72450 

1.62 

0.67933 

1.66 

0.66002 

1.70 

0.64983 

1.74 

0.65980 

1.78 

0.66865 

1.82 

0.68994 

1.86 

0.71072 

1.90 

0.75058 

1.94 

0.81110 

1.98 

0.89990 

2.02 

1.01229 

2.06 

1 .11279 

2.10 

1 . 18663 

2.14 

1.23246 

2.18 

1.25441 

2.22 

1.25644 

2.26 

1.24253 

2.30 

1.21714 

2.34 

’  1.18393 

2.38 

1 .14626 

2.42 

1 .  10689 

2.46 

1.06786 

2.50 

1.03089 

2.54 

0.99702 

2.58 

0.96650 

2.62 

0.93996 

2.66 

0.91821 

2.70 

0,90185 

2.74 

0.89104 

2,78 

0.88573 

2.82 

0.88562 

2.86 

0.89049 

' .  °0 

0.90021 

R/d 

p(R) 

1.04 

2.99172 

1.08 

2.64612 

1 .12 

2.32789 

1.16 

2.06993 

1.20 

1.84489 

1.24 

1.63373 

1.28 

1.42857 

1.32 

1.26750 

1.36 

1.11397 

1.40 

1.00031 

1.44 

0.90819 

1.48 

0.84083 

1.52 

0.79580 

1.56 

0.75438 

1.60 

0.70315 

1.64 

0.66582 

1.68 

0.65606 

1.72 

0.65584 

1.76 

0.66709 

1.80 

0.67782 

1.84 

0.69967 

1.88 

0.72816 

1.92 

0.77849 

1.96 

0,85256 

2,00 

0.95574 

2.04 

1.06555 

2.08 

1 . 15341 

2,12 

1.21284 

2.16 

1.24624 

2.20 

1 .25775 

2.24 

1.25124 

2.28 

1.23106 

2.32 

1.20136 

2.36 

1  .  16551 

2,40 

1 . 12666 

2 . 44 

1.08726 

2 . 48 

1.04908 

2.52 

1.01356 

2.56 

0.98134 

2.60 

0.95271 

2.64 

0.92844 

2.68 

0.90936 

2.72 

0.89576 

2.76 

0.88772 

2,80 

0.88504 

2.84 

0.88744 

2.88 

0.89476 

2. 92 

0.90685 
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R/d 

p(R) 

R/d 

p(R) 

2.94 

0.94625 

2.96 

0.94855 

2.98 

0.95154 

3.00 

0.95519 

3.02 

0.95941 

3.04 

0.96407 

3.06 

0.96905 

3.08 

0.97424 

3.10 

0.97951 

3.12 

0.98477 

3.14 

0.98993 

3.16 

0.99492 

3.18 

0.99967 

3.20 

1.00415 

3.22 

1.00829 

3.24 

1.01206 

3.2 1> 

1.01544 

3.28 

1.01842 

3.30 

1.02098 

3.32 

1.02312 

3.34 

1.02484 

3.36 

1.02614 

3.38 

1.02705 

3.40 

1.02759 

3.42 

1.02776 

3.44 

1.02760 

3.46 

1.02712 

3.48 

1.02635 

3.50 

1.02532 

3.52 

1.02406 

3.54 

1.02259 

3.56 

1.02095 

3.58 

1.01916 

3.60 

1.01724 

3.62 

1.01524 

3.64 

1.01318 

3.66 

1.01109 

3.68 

1.00898 

3.70 

1.00689 

3.72 

1.00484 

3.74 

1.00285 

3.76 

1 .00094 

3.78 

0.99913 

3.80 

0.99744 

3.82 

0.99588 

3.84 

0,99448 

3.86 

0.99323 

3.88 

0.99215 

3.90 

0.99125 

*  3.92 

0.99054 

3,94 

0.99001 

3.96 

0.98967 

3.98 

0.98950 

4.00 

0.98949 

4,02 

0.98962 

4.04 

0.98990 

4.06 

0.99029 

4.08 

0.99080 

4.10 

0.99140 

4.12 

0.99210 

4.14 

0.99286 

4.16 

0.99368 

4.18 

0.99454 

4.20 

0.99543 

4.22 

0.99633 

4.24 

0.99724 

4.26 

0,99814 

4.28 

0.99902 

4,30 

0.99986 

4.32 

1.00066 

4.34 

1.00142 

4.36 

1.00211 

4,38 

1.00273 

4.40 

1.00329 

4.42 

1.00378 

4.44 

1.00419 

4.46 

1.00452 

4.48 

1.00478 

4.50 

1.00496 

4.52 

1.00508 

4.54 

1.00512 

4.56 

1.00509 

4.58 

1.00499 

4.60 

1,00435 

4.62 

1.00463 

4,64 

1.00437 

4.66 

1.00407 

4,68 

1.00374 

4.70 

1.00335 

4.72 

1.00294 

4.74 

1.00251 

4.76 

1.00207 

4.78 

1.00162 

4.80 

1.00117 

4.82 

1.00072 

4.84 

1.00028 

4.86 

0.99985 

4.83 

0.99944 

4.90 

0.99906 

4.92 

0.99871 

4.94 

0.99842 

4.96 

0.99826 

4 . 98 

0.99824 

5.00 

0.99331 
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TABLE  VI. 

Pair  correlation 

function 

p(R)  for  pd^  =  0.6 

R/d 

p(R) 

R/d 

P(R) 

1 .02 

2.59123 

1.04 

2.47586 

\  •' 

1.06 

2.36728 

1.08 

2.26336 

1 .10 

2.15679 

1.12 

2.06050 

1.14 

1.96996 

1 . 16 

1.89062 

1  .  18 

1.81600 

1.20 

1.73972 

1.22 

1.66165 

1.24 

1.59500 

1.26 

1.51582 

1.28 

1.44916 

.  * 

1.30 

1.39524 

1.32 

1.33444 

- 

1.34 

1.26279 

1.36 

1.21779 

1.38 

1 . 17245 

1.40 

1 . 12741 

1.42 

1.08350 

1.44 

1.04772 

1.46 

1.01157 

1.48 

0.98286 

1.50 

0.95278 

1.52 

0.93374 

1.54 

0.91126 

1.56 

0.88943 

1.58 

0.85999 

1.60 

0.83831 

1.62 

0.81392 

1.64 

0.79714 

•„* 

1.66 

0.78632 

1.68 

0.77651 

1.70 

0.76402 

1.72 

0.76178 

1.74 

0.75792 

1.76 

0.75699 

1.78 

0.75111 

1.80 

0.75211 

1.82 

0.75595 

1.84 

0.75737 

1.86 

0.75977 

1.88 

0.76707 

1.90 

0.77795 

1.92 

0.79249 

■«*  ,‘  V* 

1.94 

0.80989 

1.96 

0.83406 

1.98 

0.86248 

2.00 

0.89853 

2.02 

0.93586 

2.04 

0.97163 

2.06 

1.00404 

2.08 

1.03293 

-  •*. 

2.10 

1  .,05774 

2.12 

1.07874 

2.14 

1.09613 

2.16 

1 .11038 

•  “  * 

2.18 

1 .12145 

2.20 

1 .12982 

2.22 

1 .13542 

2.24 

1 .13870 

2.26 

1 .13972 

2.28 

1.13895 

2.30 

1 .13643 

2.32 

1 .13252 

’ 

2.34 

1  .  12723 

2.36 

1 .12096 

2.38 

1.11371 

2;  40 

1 .10578 

•  .  ■.  • 

2.42 

1.09724 

2.44 

1 .08829 

:  ■ . 

2.46 

1.07892 

2.48 

1 .06945 

2.50 

1.05982 

2.52 

1.05029 

2.54 

1 .04078 

2.56 

1 .03139 

2.58 

1.02211 

2.60 

1.01312 

2.62 

1 .00439 

2.64 

0.99609 

\*  V 

2.66 

0.98826 

2.68 

0.98101 

.  •  -  w  « 

2.70 

0.97428 

2.72 

0.96820 

2.74 

0.96275 

2.76 

0.95798 

2.78 

0.95389 

2.80 

0.95047 

2.82 

0.94773 

2.84 

0.94569 

'J.  ♦  86 

0.94434 

2.88 

0.94373 

2.90 

0.94383 

2.92 

'>  .  94468 

-  ,  -* 

•  -  .  *  .  *  .  *.•  *•  v 

TABLE  V.  - continue 


R/d 

p(R) 

R/d 

P(R) 

2.82 

0.98841 

2.84 

0.98605 

2.06 

0.98396 

2.88 

0.98217 

2.90 

0.98068 

2.92 

0.97952 

2.94 

0.97868 

2.96 

0.97819 

2.98 

0.97804 

3.00 

0.97824 

3.02 

0.97875 

3.04 

0.97954 

3.06 

0.98056 

3.08 

0.98178 

3.10 

0.98315 

3.12 

0.98463 

3.14 

0.98619 

3.16 

0.98781 

3.10 

0.98946 

3.20 

0.99110 

3.22 

0.99273 

3.24 

0.99431 

3 . 26 

0.99584 

3.28 

0.99730 

3.30 

0.99869 

3.32 

0.99998 

3.34 

1.00117 

3.36 

1.00225 

3.38 

1.00323 

3.40 

1 .00410 

3.42 

1.00485 

3.44 

1.00550 

3.46 

1.00603 

3.48 

1.00646 

3.50 

1.00678 

3.52 

1.00700 

3.54 

1.00712 

3.56 

1.00715 

3.58 

1.00709 

3.60 

1.00696 

3.62 

1.00675 

3.64 

1.00648 

3.66 

1 .00615 

3.68 

1  .00577 

3.70 

1.00534 

3.72 

1.00488 

3.74 

1.00439 

3.76 

1.00387 

3.78 

1.00334 

3.80 

1.00281 

3.82 

1.00227 

3.84 

1.00174 

3.86 

1.00122 

3.88 

1.00072 

3.90 

1.00025 

3.92 

0.99981 

3.94 

0.99942 

3.96 

0.99909 

3.90 

0.99880 

4.00 

0.99856 

4.02 

0.99836 

4.04 

0.99818 

4.06 

0.99803 

4.08 

0.99790 

4,10 

0.99782 

4.12 

0.99776 

4 . 14 

0.99773 

4 . 16 

0.99773 

4.18 

0.99776 

4.20 

0.99781 

4.22 

0.99789 

4.24 

0.99799 

4.26 

0.99811 

4.28 

0.99824 

4.30 

0.99838 

4.32 

0.99853 

4.34 

0.99869 

4.36 

0.99885 

4.38 

0.99901 

4.40 

0.99918 

4 .42 

0.99934 

4.44 

0,99950 

4,46 

0.99965 

4 . 48 

0.99979 

4.50 

0.99993 

4.52 

1  .00006 

4.54 

1,00017 

4.56 

1.00028 

4 . 58 

1.00037 

4.60 

1  .00045 

4.62 

1.00052 

4.64 

1.00058 

4.66 

1.00062 

4.68 

1.00066 

4.70 

1.00068 

4.72 

1.00069 

4 . 74 

1,00069 

4.76 

1.00068 

4.78 

1,00066 

4.80 

1.00064 

4.82 

1 .00060 

4,84 

1 .00056 

4.86 

1.00052 

4.88 

1.00047 

1.90 

1.00042 

4.92 

1.00037 

4.94 

l .00031 

4.96 

1.00026 

i .  40 

1 .00020 

5.00 

1 .00014 

TABLE  V. 

Pair  correlation 

function 

p(R)  for  pd 

R/d 

p(R) 

R/d 

P(R) 

.02 

2.10600 

1.04 

2.03906 

♦  06 

1.97614 

1.08 

1.91556 

.  10 

1.85251 

1.12 

1.79487 

.  14 

1 . 73916 

1.16 

1.68965 

.  18 

1.64296 

1.20 

1.59479 

.22 

1  .54507 

1.24 

1.50272 

.26 

1.45131 

1.28 

1.40759 

.30 

1.37269 

1.32 

1.33220 

.34 

1.28297 

1.36 

1.25185 

♦  ^  8 

1.21997 

1.40 

1.18719 

.42 

1 . 15435 

1.44 

1.12724 

.46 

1.09914 

1.48 

1.07510 

.50 

1.04968 

1.52 

1.03208 

.54 

1.01243 

1.56 

0.99342 

.58 

0.96930 

1.60 

0.95090 

.62 

0.93018 

1.64 

0.91407 

» 66 

0.90187 

1.68 

0.89016 

.70 

0.87617 

1.72 

0.86933 

.74 

0.86145 

1.76 

0.85573 

.78 

0.84647 

1.80 

0.84225 

.82 

0.84030 

1.84 

0.83653 

.86 

0.83350 

1.88 

0.83371 

.90 

0.83631 

1.92 

0.34117 

.94 

0.84764 

1.96 

0.85865 

.98 

0.87228 

2.00 

0.89157 

.02 

0.91214 

2.04 

0.93226 

.06 

0.95092 

2.08 

0.96811 

.  10 

0.98351 

2.12 

0.99721 

.14 

1.00927 

2.16 

1.01991 

.  18 

1.02904 

2.20 

1.03691 

.22 

1.04340 

2.24 

1.04875 

.26 

t  .05293 

2.28 

1 .05616 

.30 

1.05840 

2.32 

1.05985 

.34 

1.06044 

2.36 

1.06039 

.  38 

l  .05966 

2,40 

1.05840 

.42 

1.05662 

2.44 

1.05442 

.46 

1.05177 

2.48 

1.04886 

.50 

1.04562 

2.52 

1.04222 

.54 

1.03862 

2,56 

1.03486 

.58 

1,03095 

2.60 

1.02699 

.62 

1.02296 

2.64 

1.01895 

►  66 

1  .01497 

2.68 

1.01110 

.70 

1.00731 

2.72  • 

1.00368 

,  74 

1.00021 

2.76 

0,99693 

.  78 

0. 9938A 

P.80 

0.99101 

3  3 


TABLE  IV.  - — continue 


R/d 

P(R) 

R/d 

P(R) 

v 

2.82 

1.00195 

2.84 

1.00051 

2.86 

0.99915 

2.88 

0.99788 

2.90 

0.99671 

2.92 

0.99566 

2.94 

0.99474 

2.96 

0.99395 

2.98 

0.99332 

3.00 

0.99284 

3.02 

0.99251 

3.04 

0.99232 

3.06 

0.99226 

3.08 

0.99230 

3.10 

0.99244 

3,12 

0.99267 

- 

3.14 

0.99296 

3.16 

0.99331 

3.18 

0.99371 

3.20 

0.99414 

3.22 

0.99461 

3.24 

0.99509 

3.26 

0,99559 

3.28 

0.99609 

3.30 

0.99659 

3.32 

0.99709 

3.34 

0.99758 

3.36 

0.99805 

■u. 

3.38 

0,99850 

3.40 

0.99893 

3.42 

0.99934 

3.44 

0.99972 

3.46 

1 .00007 

3.48 

1.00039 

3.50 

1.00068 

3.52 

1.00094 

3.54 

1.00117 

3.56 

1.00136 

3.58 

1.00153 

3.60 

1.00166 

- 

3.62 

1.00177 

3.64 

1,00185 

3.66 

1.00190 

3.68 

1,00192 

3.70 

1.00192 

3.72 

1,00189 

3.74 

1.00185 

3.76 

1,00178 

3.78 

1.00170 

3.80 

1,00160 

•V\ 

3.82 

1.00149 

3.84 

1,00137 

3.86 

1 .00124 

3.88 

1.00110 

* 

3.90 

1.00096 

3.92 

1.00082 

3.94 

1.00067 

3.96 

1.00052 

3.98 

1.00038 

4.00 

1.00024 

TABLE  IV.  Pair  correlation  function  p(R)  for  pd 


R/d 

P(R) 

1.02 

1 .76705 

1.06 

1.69007 

1  .  10 

1.61613 

1 .14 

1.54679 

1.18 

1.48731 

1.22 

1.42577 

1.26 

1.36588 

1.30 

1.31525 

1.34 

1.25488 

1.38 

1.21303 

1.42 

1 .16671 

1.46 

1.12739 

1.50 

1.09041 

1.54 

1,06195 

1.58 

1.02857 

1.62 

0.99813 

1.66 

0.97425 

1.70 

0.95131 

1.74 

0.93582 

1.78 

0.91976 

1.82 

0.91011 

1.86 

0,89942 

1.90 

0.89524 

1.94 

0.89623 

1.98 

0.90596 

2.02 

0.92690 

2.06 

0.94803 

2.10 

0.96642 

2.14 

0.98176 

2.18 

0.99442 

2.22 

1.00459 

2.26 

1.01243 

2 . 30 

1,01823 

2.34 

1.02223 

2.38 

1.02469 

2,42 

1.02581 

2.46 

1.02579 

2.50 

1.02483 

2.54 

1.02316 

2.53 

1.02084 

2.62 

1.01802 

2.66 

1.01488 

2.70 

1.01159 

2.74 

1.00826 

2.78 

1 .00502 

R/d 

p(R) 

1  .  "4 

1.72725 

1.08 

1.65417 

1  .  12 

1.58131 

1.16 

1.51608 

1.20 

1.45729 

1.24 

1.39944 

1.28 

1.33725 

1.32 

1.28878 

1.36 

1.23445 

1.40 

1.19023 

1.44 

1 . 14763 

1.48 

1.10963 

1.52 

1.07702 

1.56 

1,04728 

1.60 

1.01439 

1.64 

0.98483 

1.68 

0.96387 

1.72 

0.94403 

1.76 

0.92926 

1.80 

0.91405 

1.84 

0.90453 

1.88 

0.89653 

1.92 

0.89534 

1,96 

0.90033 

2.00 

0.91592 

2.04 

0.93780 

2.08 

0.95764 

2.12 

0.97446 

2,16 

0.98844 

2.20 

0.99984 

2,24 

1.00881 

2.28 

1.01559 

2.32 

1.02047 

2.36 

1.02367 

2.40 

1.02541 

2.44 

1.02595 

2,48 

1.02543 

2.52 

1.02409 

2.56 

1.02208 

2.60 

1.01949 

2.64 

1.01648 

2.68 

1.01326 

2.72 

1.00992 

2.76 

1.00662 

2,80 

1 .00346 
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R/d 

p(R) 

R/d 

p(R) 

2.94 

1.00036 

2.96 

0.99996 

2.98 

0.99961 

3.00 

0.99931 

3.02 

0.99905 

3.04 

0.99884 

3 » 06 

0.99866 

3.08 

0.99853 

3.10 

0.99843 

3.12 

0.99836 

3.14 

0.99832 

3,16 

0.99830 

3.18 

0.99830 

3.20 

0.99832 

3.22 

0,99836 

3.24 

0.99841 

3,26 

0.99848 

3.28 

0.99856 

3,30 

0.99864 

3.32 

0.99873 

3,34 

0,99882 

3.36 

0.99892 

3.38 

0.99902 

3.40 

0.99912 

3,42 

0.99922 

3.44 

0.99932 

3.46 

0.99942 

3.48 

0.99951 

3. SO 

0.99960 

3.52 

0.99969 

3,54 

0.99977 

3.56 

0.99985 

3.58 

0.99992 

3.60 

0.99998 

3.62 

1.00004 

3.64 

1.00009 

3,66 

1.00014 

3.68 

1.00018 

3.70 

1.00022 

3.72 

1.00025 

3.74 

1,00027 

3.76 

1.00029 

3.78 

1.00030 

3.80 

1.00031 

3.82 

1.00031 

3.84 

1.00031 

3.86 

1.00031 

3.88 

1.00030 

3.90 

1 .00029 

3.92 

1.00028 

3.94 

1.00026 

3.96 

1.00024 

3.9e 

1,00022 

4.00 

1.00020 
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Fig.  6  Coherent  attenuation  normalized  with  respect 
to  single  scattering  approximation  vs 
concentration.  Experimental  data  points  are 
from  Ref.  (32]. 

The  experimental  measurements  were  reported  by  Kinra[33] 
only  for  the  phase  velocity  as  a  function  of  frequency 
for  few  values  of  concentration.  In  Figure  (7),  we  have 
shown  the  comparison  of  our  theoretical  results  with 
those  of  Klnra's  experimental  measurements.  The  agree¬ 
ment  is  extremely  good  all  the  way  both  on  "acoustical" 
and  "optical"  branches.  It  should  be  noted  that  other 
theories  based  on  long  wavelength  approximation,  for 
exmaple  that  of  Datta  et  al(34J  do  not  predict  this 
anamoly  in  phase  velocity,  and  the  Kuster  and  Tokso'z 
model  even  with  giant  monopole  term,  does  not  provide 
reliable  results  In  the  "optical"  branch.  This  draw¬ 
back  of  using  such  simpler  theories  without  multiple 
scattering  and  pair-correlation  between  scatterers  has 
also  been  realized  by  Gaunaurd  and  Uberall [ 35 ] .  In 
Figure  (8),  we  have  plotted  the  corresponding  coherent 
attenuation  as  a  function  of  frequency  for  few  values 
of  concentration.  Other  examples  of  elastic  wave 
propagation  in  elastic  particulate  composite  has  been 
studied  by  us  in  Ref erence [ 21 ]  wherln  we  had  shown 
excellent  agreement  between  our  theory  and  the 
experimental  results  of  Kinra  and  Adler. 

In  conclusion,  we  have  demonstrated  that  a  rigor- 
our  multiple  scattering  theory  with  pair-correlation 
function  is  absolutely  needed  to  study  wave  propagation 
for  all  wave  fields  (acoustic,  electromagnetic  and 
elastic)  in  composite  media.  A  unified  theory  such 
as  the  one  presented  here  also  provides  a  basic  tool 
in  studying  the  elastic  wave  propagation  in  an  elastic 
composite  media  containing  piezo-electric  inclusions 
wherin  elastic  and  electromagnetic  wave  coupling  plays 
an  important  role  in  attenuation. 
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Phase  velocity  vs  compressional  wave  number 
for  elastic  wave  propagation  through  lead 
spheres  in  EPON  828-Z.  Experimental  data 
points  are  from  Ref.  [33]. 
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Fig.  8  Coherent  attenuation  vs  cdmpressional  wave 
number  -for  the  case  given  in  Fig.  7. 
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The  limitations  of  the  T-matrix  procedure  or  the  extended  boundary  condition  method  (EBCM) 
for  wave  scattering  problems,  when  used  for  long  slender  objects,  are  due  to  the  shrinking:  volume 
over  which  the  incident  field  is  extinguished.  The  resulting  ill-conditioning  of  the  matrices 
involved  makes  it  impossible  to  invert  them.  For  nondissipative  objects  only,  we  observe  that  the 
Reinforced  Modified  Gram-Schmidt  (RMGS)  orthogonalization  procedure  works  best  df  all 
such  unitary  approaches  investigated,  but  information  about  the  surface  and  the  internal  fields  is 
lost  in  the  process.  An  alternate  approach,  called  the  iterative  EBCM  (IEBCM)  is  more  general  in 
its  scope  since  it  provides  convergent  surface  and  internal  field  values  and  can  also  work  for  ' 
dissipative  targets.  This  success  of  the  IEBCM  results  because  it  extends  the  interior  volume  over 
which  the  incident  field  is  extinguished. 

PACS  numbers:  43.20.Fn,  43.20.Bi 


INTRODUCTION 

The  transition  matrix  (T-matrix)  approach  or  the  ex¬ 
tended  boundary  condition  method  (EBCM)  has  been  exten¬ 
sively  utilized  to  describe  acoustic,  electromagnetic,  and 
elastic  scattering  by  a  variety  of  nonspherical  three-dimen¬ 
sional  objects.1*4  The  various  field  quantities  involved  are 
expanded  in  a  suitable  set  of  basis  functions,  and  the  integral 
equations  employed  in  the  T-matrix  formulation  are  con¬ 
verted  into  a  finite  number  of  simultaneous  equations  to  be 
solved  by  truncating  the  field  expansions  appropriately.  This 
procedure  is,  however,  subject  to  numerical  limitations,  par¬ 
ticularly  for  objects  of  high  aspect  ratios.  Therefore,  in  1971 
Waterman  cleverly  restructured  the  T-matrix  formalism 
into  a  form  more  tractable  for  computations  by  providing 
explicit  symmetry  and  unitarity  constraints  on  the  transition 
‘matrix.4  In  addition,  by  the  introduction  of  the  Schmidt 
orthogonalization  technique  the  computations  were  further 
simplified  by  utilizing  the  unitary  transformations  of  matri¬ 
ces  instead  of  matrix  inversion  operations.  However,  this 
formulation  was  limited  to  acoustic  scattering  by  impenetra¬ 
ble  objects,  and  to  electromagnetic  scattering  by  perfectly 
conducting  ones.  Recently,  Werby  and  Green  have  been  able 
to  improve  upon  this  formulation  and  have  applied  their 
unitary  method5  to  the  case  of  acoustic  scattering  from  elas¬ 
tic  shells  for  which  the  T-matrix  has  a  much  more  complicat¬ 
ed  structure. 

Nevertheless,  these  various  formulations  have  still  been 
limited  to  objects  of  only  moderately  high  aspect  ratios.  For 
example,  the  solution  of  an  acoustic  problem  involving  hard 
spheroids  has  been  tackled  for  aspect  ratios  no  larger  than 
2:1.*  For  the  more  complicated  problems  involving  elastic 
shells,  even  Werby  and  Green  have  not  published  results  for 
aspect  ratios  exceeding  5:3.s 

Acoustic  scattering  by  prolate  spheroids  can  always,  in 
principle,  be  solved  for  by  utilizing  prolate  spheroidal  func¬ 
tions.  which  are  the  solutions  of  the  wave  equation  in  prolate 
spheroidal  coordinates.  However,  the  generation  of  these 


spheroidal  functions  is  very  tedious  as  well  as  prone  to  error, 
and  even  Senior,7  who  has  utilized  them  extensively,  consid¬ 
ers  only  the  results  for  end-on  incidence  for  highly  aspherical 
spheroids. 

On  the  other  hand,  a  new  iterative  technique  applicable 
for  electromagnetic  scattering  by  high-loss  dielectric  objects 
has  been  recently  proposed  and  examined.*-9  Although  pub¬ 
lished  results  are  available  for  6.34:1  spheroids,*-9  as  yet  this 
technique  has  been  successfully  used  for  8: 1  spheroids  in  the 
resonance  and  the  post-resonance  frequency  ranges.  For  the 
various  features  of  this  new  procedure,  called  the  iterative 
EBCM  (IEBCM)  the  interested  reader  is  referred  to  Refs.  8 
and  9. 

Based  on  the  IEBCM,  this  paper  presents  another  way 
of  solving  for  the  acoustic  scattering  by  impenetrable  bodies. 
We  shall  restrict  ourselves,  in  presenting  the  new  formula¬ 
tion,  to  acoustic  scattering  by  sound-hard  objects,  though 
similar  procedures  can  easily  be  applied  for  acoustic  scatter¬ 
ing  by  sound-soft  objects  and  to  electromagnetic  scattering 
by  perfectly  conducting  ones.  Furthermore,  in  this  initial 
study,  we  shall  consider  only  end-on  incidence,  in  order  to 
illustrate  the  new  technique,  although  there  is  no  restriction 
on  the  IEBCM  as  is  clear  from  Refs.  8  and  9.  It  will  also  be 
shown  from  the  numerical  results  provided,  that  the  new 
IEBCM  is  computationally  superior  to  the  T-matrix  ap¬ 
proach.  In  contrast  with  the  unitary  methods,  one  strength 
of  the  IEBCM  lies  in  its  ability  to  compute  convergent  values 
of  the  fields  induced  on  the  surface  and  inside  (if  applicable) 
the  scattering  target. 

I.  FORMULATION 

Consider  a  spheroidal  scattering  volume  V  (which  can 
be  replaced  by  any  axisymmetric,  elongated,  convex  volume 
for  this  method)  which  has  a  surface  5  on  which  Neumann 
boundary  conditions  prevail,  as  shown  in  Fig.  I.  If  V  (r)  is 
the  incident  potential  at  any  point  r  indicated  with  respect  to 
an  origin  O  suitably  located  inside  V,  it  is  easy  to  show  that 
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the  scattered  potential  !f*  (7)  can  be  calculated  in  terms  of  the 
surface  potential  ^+(7)'°: 


XV[e*p(i*|7-7’|)/|7-7'|]</j',  ?$V,  (1) 

where  !P*(7)  is  itself  related  to  the  incident  potential  by  a 
similar  integral  equation 

“  T- 
4jt  Js 

X  V[exp(iA:  (7  -  7\)/\r  -  7\  \ds\  7  e  V.  (2) 

In  both  of  theSe  equations,  k  —  a/c,  h  is  a  unit  outward  nor* 
mal  to  S,  the  ubiquitous  expression  exp(/Vc  |7  —  P|)/|7  —  7\  is 
the  Green’s  function,  and  Eq.  (2)  is  known  as  the  extinction 
theorem. 

The  solution  of  ( 1 )  and  (2)  is  usually  attempted  using  the 
T-matrix  approach  outlined  by  Waterman. 10  First,  the  three 
potentials  involved  are  expanded  in  terms  of  scalar  harmon¬ 
ics  *v(*): 

=  £avRe*„(*7), 

I 

'*'+(')=  Xa*  Re*v(*7).  (3) 

v»  I 

*"(?)=  f/.°u  *„(*7), 

v  -  I 

where  N  is  some  appropriate  truncation  size,  and  ^v(3cj  is 
defined  as 


{«  —  m)IV^  [A1."W] 
(n+m)l)  1/.W  J 


XF”(cos0) 


cos  m<f> 
sin  m<f>' 


even 

odd 


The  index  v  is  actually  a  triple  index  incorporating  indices  a, 
m,  n.  The  index  cr  can  take  two  values— even  and  odd,  while 
the  indices  m  and  n  vary  from  0  to  so.  The  functions 
Ou*v(x)  and  Re^v{x)  differ  only  in  the  form  of  the  radial 
functions  involved;  while  Ou  *,.(*)  represents  outgoing 


waves,  Re^v(x)  is  regular  at  the  origin  x  =  0.  The  factor  em 
is  the  Neumann  factor. 

Finally,  the  Green’s  function  is  also  expanded  in  terms 
of  these  scalar  harmonics: 

*  2  [Ou*,^,  JRe^Ar, )].  (4) 

\r~"“\  »••• 

On  substituting  the  expansions  (3)  and  (4)  into  ( 1 )  and  (2)  and 
on  utilizing  the  orthogonalities  of  the  scalar  harmonics  over 
two  spheres— one  inscribed  inside  V,  and  the  other  circum¬ 
scribing  V — the  integral  equations  (1)  and  (2)  are  converted 
into  two  sets  of  N  simultaneous  equations  which  can  be  ex¬ 
pressed  in  matrix  notation  as10 

a  =  —  iQa,  f  =  /  Re  Qa,  (3) 

and  which  can  now  be  solved  using  standard  matrix  proce¬ 
dures10: 

f=  -ReQQ-‘a  =  Ta.  (6) 

For  nondissipative  objects  it  can  be  shown  that  the  ma¬ 
trix  S  —  I  +  2T  satisfies  the  unitarity  constraint 

(STR)*S  =  I, 

and  the  symmetry  constraint 
STR  =  S. 

Consequently,  if  we  are  interested  only  in  the  scattered  field 
we  can  factorize  Q  as  (see  the  Appendix) 

Q  =  QM,  (7) 

where  Q  is  a  unitary  matrix  and  M  is  an  upper  triangular 
matrix.  This  yields  for  the  S  matrix 
S=  -G*(M*M-')(QTR)*. 

Since  M  is  an  upper  triangular  matrix,  so  is  M~ ’;  therefore, 
M*M~ 1  is  also  upper  triangular.  Furthermore,  in  the  limit¬ 
ing  case  of  infinite  matrix  size,  S  is  symmetric,  which  re¬ 
quires  M*M~‘  to  be  so  as  well.  This  can  happen  only  if 
M*M  “ 1  =  I  (or,  M  is  real)  since  we  also  enforce  that  the  diag¬ 
onal  elements  of  M  are  real.  With  this  in  view,  at  some  trun¬ 
cation  size  we  can  obtain 

f=  -ReQ(QTR)*a  =  Ta,  (8) 

with  (QTR  )*  being  the  conjugate  transpose  of  Q. 

In  spite  of  this  improvement,  however,  the  T-matrix 
procedure  fails  to  yield  convergent  expressions  for  IP+,  par¬ 
ticularly  for  scattering  volumes  of  large  size  parameters  and 
high  aspect  ratios.  It  is  to  be  noted  that  similar  problems  are 
also  encountered  in  the  implementation  of  the  straightfor¬ 
ward  T-matrix  procedure  for  the  problem  of  electromagnetic 
irradiation  by  lossy  dielectric  objects.*9"  These  stability 
problems  were  considerably  reduced  by  solving  the  integral 
equations  iteratively  and  by  the  use  of  the  multiple  subre¬ 
gional  internal  field  expansion  scheme*9;  these  two  features 
together  lead  to  the  establishment  of  the  IEBCM  mentioned 
in  the  Introduction. 

Based  on  the  IEBCM,  we  shall  now  solve  (2)  iteratively, 
for  which  purpose  we  rewrite  it  as 

i  r  i  „■*  i»-  n  \ 

v  R  +  -H  *  V)v  V—  W 

4flVs’  \  |r  —  r  |  / 

1  r  [  -tk  \r  -  r\  \ 
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where  IP'V"  "  is  n  previous  estimate  of  the  surface  potential 
on  S'  known  from  the  (/  —  l)th  iteration,  and  Atft'l  is  an 
incremental  surface  potential  to  be  solved  for  in  the  /  th  iter¬ 
ation.  S  ’  is  the  surface  of  a  spheroid  of  the  same  acoustic  size 
ka  but  a  smaller  aspect  ratio  than  the  spheroid  under  consi¬ 
deration  if  /  =  1,  but  S '  =  5  for  subsequent  iterations.  The 
iteration  process  is  now  described  in  Secs.  I A-C. 

A.  First  Iteration:  Step  1 

We  begin  the  first  iteration  (/  =  1)  by  assuming  11 
to  be  known  as  the  exact  surface  potential  on  a  spheroid  V 
t having  the  same  acoustical  size,  but  a  smaller  aspect  ratio 
than  the  spheroid  V  being  considered.  Since  the  left-hand 
side  of  (9)  is  known,  and  with  the  assumption  that  the  surface 
potentials  for  Fand  V  shall  not  be  very  different,  we  solve  (9) 
for  the  increment  A\p‘l  using  the  regular  Waterman  proce¬ 
dure10  mentioned  earlier.  The  use  of  his  method  is  justified 
since  we  effectively  compute  for  an  error  term  {Atp+ )  so  that 
the  resultant  Q  matrix  from  (9)  is  small  in  size  and  does  not 
involve  Hankel  functions  of  large  orders.  It  must  be  men¬ 
tioned  here  that  the  necessity  of  using  large-order  Hankel 
functions  in  Q  forces  the  matrix  to  become  ill-conditioned 
and  thereby  restricts  the  use  of  the  regular  T  matrix. 

With  the  calculation  of  At/l’j  in  the  (/  —  l)th  iteration, 
we  obtain  a  revised  estimate  of  the  surface  potential  for  the 
volume  V: 

+Af‘l.  (10) 

Ordinarily,  for  low  aspect  ratio  objects,  the  surface  po¬ 
tential  V'1!  =*  would  be  obtained  here,  but  for  very 
slender  spheroids  we  can  further  reform  it  by  using  a  multi¬ 
ple  subsurface  re-expansion  in  the  second  step  of  each  iter¬ 
ation. 

B.  First  iteration:  Step  2 

In  the  second  step  of  each  iteration  (!>  1 )  the  spheroidal 
surfaced  is  subdivided  into  a  number  of  subsurfaces  S,  cen¬ 
tered  at  points  O,  along  the  major  axis  of  the  spheroid,  as 
shown  in  Fig.  2.  On  each  Slt  the  surface  potential  is 
expanded  in  terms  of  the  scalar  harmonics  centered  at  O, . 
We  estimate  on  each  S,  by  using  a  point-matching 
technique 

1*"+’(r)  =  lFl'!1(7),  reS(.  (11) 

In  addition,  the  continuity  of  the  surface  potential  on  S  is 


FIO.  2.  Multiple  subsurface  potential  ex¬ 
pansion  scheme  employed  in  step  2  of  each 
iteration  in  the  1E8CM. 


explicitly  enforced  by  satisfying 

!F«i!,(r)=lF',+'.,+  t(r),  reS,ASi+l.  (12) 

at  a  suitable  number  of  points  in  each  of  the  surface  overlaps 
S  AS,  + 1 . 

The  expansions  for  the  various  ,  obtained  by  using 
(11)  and  (12)  are  thus  highly  convergent,  because  each  of 
these  lF'V,is  used  only  on  the  corresponding  subsurface S, . 
Furthermore,  the  continuity  of  these  expansions  in  the  sur¬ 
face  overlaps  is  assured  because  the  equations  generated  by 
(11)  guarantee  it  to  be  so.  Regarding  the  number  of  subsur¬ 
faces  S, ,  we  never  used  more  than  three  for  the  calculations 
presented  in  this  paper,  more  numbers  of  5,  were  required 
for  objects  of  higher  ratios.  In  addition,  the  number  of  points 
used  to  enforce  (11)  and  (12)  was  between  six  and  12  per 
subsurface,  the  larger  number  being  used  for  subsurfaces 
having  larger  curvatures. 

In  this  way,  a  re-expansion  of  t/1‘1  is  used  to  determine 
an  improved  representation  IP1','  of  the  surface  potential, 
which  is  more  stable  and  computationally  tractable  than  ifl'l 
itself.  Although  it  is  difficult  to  provide  general  criteria  gov¬ 
erning  the  expansion  size  for  the  various  ,  it  was  found 
that  the  required  number  generally  depends  on  both  the 
acoustical  size  and  curvature  of  the  particular  subsurface. 
Larger  acoustical  sizes  and  curvatures  usually  required 
more  numbers  of  terms  to  obtain  convergent  solutions. 

C.  The  Iterative  procedure 

The  rest  of  the  iterations  (/>  I )  proceed  exactly  as  the 
first  iteration.  The  iterative  procedure  continues  until  the 
surface  potential  satisfies  preset  error  criteria,  or,  equiv¬ 
alently,  until  Atp'l  becomes  negligibly  small. 

Once  the  surface  potential  has  been  satisfactorily  com¬ 
puted,  the  scattered  potential  is  easily  determined  by  the  ap¬ 
plication  of  (1),  from  which  the  various  scattering  param¬ 
eters  can  be  determined. 
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FIO.  3.  Surface  potential  on  spheroids  of  semimajor  axis  a  =  1.0  m  and 
aspect  ratios  a/b  =»  2,3,  and  10  for  end-on  incidence.  The  dots  represent  the 
values  computed  by  Senior,’  and  the  spheroidal  parameter 
c-*|aI-fr’),"-3.0. 
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FIO.  4.  Backacattering  cron  uctioa  a  for  spheroid*  of  semimajor  axis  a  -  1.0  m  «nd  aspect  ratio*  (a)  2:1,  (b)  5:1,  and  (c)  10:1  for  end-on  incidence.  The 
herkacallering cross  aactiongii  normalized  to  its  geometrical  optic*  value  irSVa’.  and  ia  plotted  aaa  function  of  the  sire  parameter  ka.  The  dots  represent  the 
value*  calculated  using  the  IEBCM,  while  the  dashed  curve*  were  computed  by  Senior.’ 


II.  NUMERICAL  RESULTS  AND  DISCUSSION 

A  computer  program  to  implement  the  IEBCM  on  the 
VAX  1 1/730  was  written  and  the  surface  potential  and  the 
backscattcring  cross  section  were  computed  for  spheroids  of 
unit  semimajor  axis  and  varying  aspect  ratios.  Specifically, 
we  considered  only  the  case  of  end-on  incidence  so  that  the 
only  nonvanishing  azimuthal  mode  is  m  =  0. 

In  Fig.  3,  the  surface  potential  V+  generated  on  hard 
spheroids  of  selected  aspect  ratios  is  compared  with  the  val¬ 
ues  obtained  by  Senior7  in  1966.  It  is  to  be  recalled  that  while 
Senior  solved  the  boundary  value  problem  involved  in  terms 
of  prolate  spheroidal  functions,  the  iterative  procedure, 
which  is  a  modification  of  the  T-matrix  procedures,  uses  the 
spherical  harmonics  as  the  basis  functions.  As  can  be  ob¬ 
served  from  Fig.  3,  the  correspondence  between  the  two 
techniques  is  excellent. 

The  backscattcring  cross  section  for  these  spheroids  of 
selected  aspect  ratios  was  also  computed  using  the  IEBCM 
as  a  function  of  the  size  parameter  ka.  In  Fig.  4jaHc)  the 
calculated  backscattcring  cross-section  a,  normalized  to  its 
geometrical  optics  value  vb  */ai,  is  compared  with  the  values 
computed  by  Senior.7  It  should  be  noted  that  while  the 
IEBCM  satisfied  the  extinction  theorem  and  yielded  stable 
results  for  2:1  spheroids  up  to  ka  —  14.5  and  for  5:1  spher¬ 
oids  up  to  ka  *=  13.0,  the  iterations  broke  down  for  10:1 
spheroids  after  ka  —  8.0.  When  compared  with  the  applica¬ 
tion  of  the  regular  T-matrix  procedure  on  the  same  comput¬ 
er,  Fig.  4  reveals  a  considerable  improvement  in  the  solution 
stability  of  the  IEBCM  vis-d-vis  the  T-matrix  approach.  Its 
enhanced  stability  allowed  the  iterative  procedure  to  handle 
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much  more  aspherical  objects,  as  is  clearly  demonstrated  by 
the  computation  of  the  surface  potential  on  a  20:1  spheroid 
in  Fig.  5. 

Regarding  the  number  of  iterations  in  the  calculations 
discussed  so  far,  the  IEBCM  actually  utilized  only  two  itera¬ 
tions — the  first  iteration,  in  which  an  initial  assumption  was 
used,  and  the  second,  in  which  the  corrections  were  applied 
using  the  incremental  surface  potential.  We  have  already 
mentioned  the  use  of  the  surface  potential  on  a  “fatter” 
spheroid  as  an  initial  assumption  for  the  surface  potential  on 
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FIO.  5.  Surface  potential  calculated  using  the  IEBCM  on  a  20:1  spheroid 
having  a  size  parameter  ka  =  1 .5. 
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FIG.  6-  Comparison  of  the  convergence  of  the  backscattcring  cross  section 
as  a  function  of  n,  the  number  of  terms  in  the  series  representation  of  the 

scattered  potential.  - 1EBCM,  - regular  T-matrix  approach,  and 

— Schmidt's  orthogonalization  procedure. 

the  spheroid  being  considered.  However,  the  surface  poten¬ 
tial  on  the  spheroid  being  considered  at  a  higher  or  lower 
frequency  can  also  be,  and  was  actually,  employed  as  an 
initial  assumption  to  solve  the  boundary  problem  at  the  giv¬ 
en  frequency  of  interest.  That  this  second  type  of  an  initial 
assumption  has  already  been  employed  for  dielectric  objects 
should  be  noted.9 

With  respect  to  the  use  of  the  multiple  subsurfaces,  not 
more  than  two  subsurfaces  were  required  to  express  the  sur¬ 
face  potential  adequately  in  all  of  these  computations.  The 
number  of  terms  required  in  the  expansion  of  the  surface 
potential  for  each  subsurface  varied  from  eight  to  16,  this 
number  being  dependent  both  on  the  curvature  and  on  the 
acoustical  size  of  the  particular  subsurface. 

Finally,  we  also  implemented  the  regular  T-matrix  pro¬ 
cedure,  as  shown  in  (6),  as  well  as  the  Schmidt  orthogonaliza¬ 
tion  procedure,  as  in  (8),  on  the  same  VAX  1 1/730  computer 
and  compared  them  with  the  IEBCM.  In  Fig.  6,  we  compare 
the  backscattering  cross  section  as  a  function  of  n,  the  size  of 
the  spherical  harmonic  expansion  of  the  scattered  potential, 
obtained  from  these  two  methods  as  well  as  from  the 
IEBCM.  It  is  clear  from  this  figure  that  while  the  conver¬ 
gence  of  the  regular  T  matrix  may  be  somewhat  dubious,  the 
orthogonalization  procedure  as  well  as  the  IEBCM  have 
achieved  convergence  at  some  comparable  value  of  n. 

However,  this  convergence  of  the  orthogonalization 
procedure  and  of  the  IEBCM  may  be  spurious,  as  shown  in 
Fig.  7  for  spheroids  of  size  parameter  ka  —  10  and  of  varying 
aspect  ratios.  The  lesuits  obtained  from  the  two  methods 
agree  satisfactorily  up  to  a/b  =  7,  but  from  there  on  there 
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FIG.  7.  Backscattering  cross  section  computed  using  the  IEBCM  ( — )  and 

Schmidt's  orthogonalization  procedure  ( - )  as  a  function  of  a/b  for 

ka  —  10.  The  stars  represent  the  values  calculated  by  Senior.1 


are  sharp  differences  between  the  two  methods.  Indeed,  at 
a/b  =  10,  neither  of  them  is  even  close  to  the  value  comput¬ 
ed  by  Senior.7  Nevertheless,  the  redeeming  feature  of  the 
IEBCM  is  that  it  stops  at  a/b  a  1 0,  but  the  orthogonalization 
procedure  keeps  on  “converging”  for  even  higher  aspect  ra¬ 
tios. 

It  must  be  mentioned  here  that  the  Q  matrix  in  (6)  as 
well  as  (8),  which  is  essential  to  all  the  three  procedures  being 
compared,  is,  in  theory,  symmetric.10  However,  computa¬ 
tionally  it  is  not  so.  It  is,  therefore,  of  importance  to  realize 
that  the  Q  matrix  must  be  artificially  symmetrized  for  the 
orthogonalization  procedure  to  work;  otherwise  the  ortho¬ 
gonalization  of  the  Q  matrix  in  (8)  brings  no  further  improve¬ 
ment  in  the  calculation  of  the  T  matrix  and  is  as  computa¬ 
tionally  unstable  as  the  regular  T-matrix  procedure.  It  is  to 
be  emphasized  here  that  the  Schmidt  orthogonalization  of 
the  Q  matrix  should  satisfy  the  condition  that  M  is  real,  oth¬ 
erwise  the  applicability  of  (8)  is  invalid.  However,  this  condi¬ 
tion  may  not  always  be  satisfied, 13  and  therefore  the  use  of  (8) 
should  never  be  blindly  made.  Nevertheless,  the  “conver¬ 
gence”  of  (8)  is  not  surprising  since  the  symmetry  and  the 
unitarity  properties  of  the  T  matrix  have  been  built  into  the 
orthogonalization  procedure.  It  is,  therefore,  the  authors' 
view  that  the  orthogonalization  of  the  Q  matrix  in  order  to 
avoid  its  inversion  should  not  be  viewed  as  a  new  technique; 
rather  any  pertinent  factorization  of  the  Q  matrix  (e.g.,  the 
QR  factorization)  is  just  another  way  of  handling  the  inver¬ 
sion  of  this  matrix.  Furthermore,  we  have  also  observed  that 
if  Q  has  been  artificially  symmetrized,  the  regular  T-matrix 
procedure  gives  results  identical  to  that  obtained  by  using 
(8). 

To  examine  our  contention  further,  we  computed  the 
backscattering  cross  section  when  an  electromagnetic  plane 
wave  is  end-on  incident  on  a  lossless  dielectric  spheroid 
whose  size  parameter  ka  =  1.35,  aspect  ratio  a/b  =  4.0,  and 
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FIG.  I.  Baclucittering  cross  section,  normalized  to  ffo2,  for  a  dielectric 
spheroid  (far  **  1.33,  a/b  5h  an  electromagnetic  plane  wave  is 

end-on  incident.  Computations  are  made  using  |6),  and  using  |8)  with  QR 
factorization  or  Schmidt  orthogonalization  of  the  Q  matrix. 

relative  permittivity  e,  —  5.  The  T  matrix  for  this  case  is 
identical  in  form  to  that  given  in  (6),  but  the  Q  matrix  is  not 
symmetric.  The  solution  was  obtained  using  the  regular  T- 
matrix  formulation  as  shown  in  (6).  Furthermore,  the  matrix 
Q  was  first  orthogonalized  using  the  Schmidt  orthogonaliza¬ 
tion  procedure  (see  the  Appendix)  and  also  it  was  factorized 
using  a  QR  transformation. 13  In  both  of  the  latter  computa¬ 
tions,  the  effect  of  M  was  ignored  (i.e.,  M*M~'  was  assumed 
to  be  a  unit  matrix)  and  the  solution  was  attempted  using  (8). 
The  resulting  value  of  the  backscattering  cross  section  a  is 
plotted  against  the  expansion  size  in  Fig.  8.  This  plot  most 
eloquently  points  out  the  fact  that  the  M  matrix  cannot  be 
ignored  without  inspecting  whether  it  is  real  or  not.  Further¬ 
more,  if  this  matrix  is  left  in  the  computation  as  in  (7),  the 
resulting  fields  are  identical  to  those  computed  using  the 
regular  T-matrix  procedure  and  no  further  improvement  is 
obtained  in  terms  of  either  more  slender  objects  or  increased 
size  parameters.  This  would  mean  that  the  use  of  (8)  is  valid 


TABLE  I.  Extinction  and  backscattering  cross  sections  for  a  prolate  spher¬ 
oidal  dielectric  object  of  ka  —  1.33  an d  f,  »  3.0  obtained  using  RMGS 
orthogonalization  procedure. 


Spheroidal  ratio 
a:b 

a,,,/™2 

«r,/rro’ 

4:1 

0.5790X  10"’ 

0.2219x10-’ 

6:1 

0.1012X10-’ 

0.4I37XI0-’ 

S:1 

0.3042x10*’ 

0.1283X10-’ 

10:1 

0.1213x10-’ 

0.5177x10-* 

12:1 

0.3753x10-* 

0  2678X  I0-* 

13:1 

0.2321X10-* 

0.1021  X 10"* 

20:1 

0.7247  x  10- ’ 

0.3440XI0-’ 

only  for  very  simple  problems  in  which  Q  is  theoretically 
symmetric. 

Finally,  in  this  comparison  of  procedures  we  consider  a 
reinforced  modified  Gram-Schmidt  (RMGS)  orthogonali¬ 
zation  procedure14  which  we  have  recently  found  signifi¬ 
cantly  improves  the  regular  T-matrix  procedure.  Consider  a 
dielectric  prolate  spheroid  whose  semimajor  dimension 
ka  =  1.35  and  e,  =  5.0.  The  T  matrix  is  of  the  form  (6).  Here 
we  factorize  the  nonsymmetric  Q  matrix  as 

Q  —  6,M,  =  Q2M2M,  =  — , 

where  6„  =  6B  +  ,  M„  + , ,  until  we  obtain  a  stable  value  of 
6.  A  similar  repeated  orthogonalization  may  also  be  per¬ 
formed,  if  necessary,  on  the  M  matrix  thus  obtained,  and  the 
process  is  carried  out  until  the  final  form  (7)  is  obtained  and 
the  condition  on  M  being  real  is  satisfied.  In  Table  I  the 
normalized  extinction  (crex, )  and  backscattering  (o6)  cross 
sections  are  shown  for  aspect  ratios  as  high  as  a/b  —  20.0. 
Such  a  high  aspect  ratio  would  not  have  been  possible  with  a 
simple  Schmidt  or  QR  factorization  mentioned  earlier. 

In  summary,  it  can  be  stated  that  the  limitations  of  the 
regular  T-matrix  procedure  for  wave  scattering  problems, 
when  applied  to  long  slender  objects,  are  due  to  the  shrinking 
volume  over  which  the  incident  field  is  extinguished.  The 
resulting  ill-conditioning  of  the  Q  matrices  involved  makes  it 
impossible  to  invert  them.  For  nondissipative  targets  only, 
we  have  found  that  the  RMGS  orthogonalization  procedure 
works  best  of  all  such  methods  investigated  in  this  paper,  but 
all  information  about  the  surface  and  the  internal  (if  applica¬ 
ble)  fields  is  lost  in  the  process.  However,  the  1EBCM  is  more 
general  in  its  scope  since  it  provides  convergent  values  of  the 
internal  (if  applicable)  and  the  surface  fields,  from  which  it 
computes  the  scattered  field.  Consequently,  it  can  be,  and 
has  been,  used  for  dissipative  objects.  This  success  of  the 
IEBCM  is  due  to  the  fact  that  it  attempts  to  extend  the  interi¬ 
or  volume  over  which  the  incident  field  is  extinguished. 
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APPENDIX 

There  are  two  distinct  orthogonalization  procedures, 
viz. 

(i)  d  =  QM  ~ 1  (with  M  “ '  upper  triangular),  ( A I ) 

and 

(ii)  Q  =  M<5  (with  M  upper  triangular).  (A2) 

Waterman,4  working  with  the  QTR  matrices,  used  scheme 
(ii)  while  we  have  used  scheme  (i)  throughout  this  paper. 
There  is  a  crucial  difference  between  these  two  schemes: 
while  (i)  works  with  the  columns  of  Q  beginning  with  the  first 
column,  (ii)  orthogonalizes  the  row  vectors  of  Q  beginning 
with  the  last  row. 
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Consequently,  the  matrix  S  =  I  +  2T  in  these  two  cases 
works  out  to 

(i) S=  —  di*  (Q™)*,  (A3) 

and 

(ii) S=  —  (6TR)*6*.  (A4) 

If,  at  this  point,  we  constrain  Q  to  be  symmetric  the  two 
schemes  would  yield  identical  results.  This,  however,  would 
hold  only  for  certain  cases,  e.g.,  acoustic  scattering  by  tar¬ 
gets  which  are  symmetric  about  all  of  the  three  planes  j  =  0, 
y  =  0,  and  z  =  0.  It  must  be  pointed  out  that  the  application 
of  any  T-matrix  method  (including  the  present  IEBCM)  for 
highly  aspherical  ellipsoidal  targets  tends  to  become  un¬ 
wieldy  since  the  various  azimuthal  modes  used  in  the  field 
expansions  then  do  not  decouple.  On  the  other  hand,  the 
Rayleigh  hypothesis13  effectively  prohibits  the  current  usage 
of  these  methods  for  targets  with  concavities. 

Returning  to  our  discussion  on  the  orthogonalization 
schemes  we  observe  that  the  two  schemes  are  not  the  same  if 
Q  is  nonsymmetric.  Indeed,  the  validity  of  either  of  the 
schemes  would  be  governed  by  the  satisfaction  of  two  prop¬ 
erties:  (a)  M  should  tend  towards  a  real  matrix,  and  (b)  the 
individual  elements  of  6  should  tend  to  have  nonzero  final 
values  as  the  truncation  size  increases.  We  have  shown  in 
this  paper  that  scheme  (i)  for  symmetric  as  well  as  nonsym¬ 
metric  Q  matrices  does  not  always  satisfy  these  conditions. 
Furthermore,  scheme  (ii),  which  is  the  same  as  (i)  for  sym¬ 
metric  Q,  suffers  similarly,  at  least,  for  the  cases  studied.  It 
appears,  however,  from  our  calculations  made  using  (i)  for 
the  dielectric  case  and  those  made  in  Ref.  4  using  (ii)  that  the 
latter  scheme  is  preferable  numerically  and  yields  better  re¬ 
sults. 

Insofar  as  the  computational  asymmetry  of  the  Q  ma¬ 
trix  for  spheroidal  targets  and  the  acoustic  case  studied  is 
concerned,  that  can  be  easily  rectified,  as  noted  earlier.  It 
does  not,  however,  follow  that  for  nonspheroidal  targets 
similar  numerical  errors  do  not  occur  or  affect  the  orthogon¬ 
alization  scheme. 

Notwithstanding  the  present  discussion,  it  is  our  view 


that  the  IEBCM  presented  here  and  elsewhere*'9'16  provides 
the  only  improvement  currently  available  over  the  usual  T- 
matrix  method  for  scattering  by  dissipative  or  viscoelastic 
obstacles,  and  for  which  purpose  any  orthogonalization  pro¬ 
cedure  would  be  in  vain. 
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Using  the  recently  formulated  iterative  extended  boundary  condition  method  (IEBCM)  it  is 
shown  that  the  absorption  mechanisms  in  a  lossy  dielectric  object  are  enhanced  by  the  presence  of 
a  nonvanishing  magnetic  susceptibility.  In  addition,  there  is  a  corresponding  reduction  in  the 
backscattering  cross  section.  The  conditional  convergence  of  the  IEBCM  algorithm  is  also 
proved. 


INTRODUCTION 

An  important  development  in  the  last  few  years  in  scat¬ 
tering  theory  has  been  the  T-matrix  procedure,  which  incor¬ 
porates  certain  elegant  analytical  properties  and  has,  there¬ 
fore,  proved  to  be  computationally  attractive.  Since  the 
T-matrix  formulation  is  fairly  general,  it  has  been  used  for 
scalar  and  vector  as  well  as  tensor  scattering  problems,  and  a 
unified  approach  to  develop  the  field  equations  pertinent  to 
the  theories  of  acoustic,  electromagnetic,  and  elastic  scatter¬ 
ing  is  described  elsewhere.1 

However,  in  applications  relating  to  lossy  dielectric 
spheroids,  it  was  soon  recognized  that  the  internal  fields  in¬ 
duced  inside  such  objects  could  only  be  obtained  at  frequen¬ 
cies  below  the  resonance  frequency.1  The  representation  of 
the  internal  fields  by  a  single  vector  spherical  harmonic  ex¬ 
pansion,  as  used  in  the  T-matrix  procedure,  induces  numeri¬ 
cal  instabilities  in  the  matrix  equations.1  These  instabilities 
become  seemingly  insurmountable  as  the  frequency  ap¬ 
proaches  the  resonance  frequency.  It  hardly  needs  to  be  add¬ 
ed  that  these  ill-conditioning  problems  are  more  pronounced 
if  the  object  has  a  large  aspect  ratio,  i.e.,  if  the  ratio  of  the 
maximum  object  dimension  to  the  minimum  is  large. 

In  order  to  overcome  the  convergence-related  stability 
problems  in  the  T-matrix  procedure,  a  new  iterative  tech¬ 
nique  called  the  iterative  EBCM  (IEBCM)  has  recently  been 
formulated.3,4  This  method  has  two  main  features:  firstly,  it 
requires  an  initial  estimate  of  the  tangential  fields  on  the 
object  surface;  and  secondly,  and  more  importantly,  the 
fields  induced  inside  the  object  are  represented  by  several 
overlapping  subregional  expansions.  For  highly  lossy  dielec¬ 
tric  objects,  the  initial  estimate  may  be  obtained  by  replacing 
the  dielectric  object  by  a  perfectly  conducting  one  of  the 
same  shape  and  size.  The  use  of  the  multiple  subregional 
internal  field  expansion  scheme,  on  the  other  hand,  yields 
continuous  and  convergent  internal  field  expansions 
throughout  the  interior  by  a  suitable  subdivision  of  the  ob¬ 
ject  volume  into  a  number  of  overlapping  subvolumes,  in 
each  of  which  a  separate  field  expansion  is  assumed.  Such  a 
procedure  for  axisymmetric  scatterers  is  superior  to  the  use 
of  local  basis  functions  utilized  in  the  method  of  moments3  in 
that  the  internal  fields  can  be  obtained  on  a  point-to-point 
basis  rather  than  in  terms  of  the  interpolants  commonly  used 
in  techniques  which  call  for  discretization  of  the  scattering 
volume. 


Since  its  inception,  the  IEBCM  has  largely  been  used  to 
compute  scattering  and  absorption  of  homogeneous,  lossy 
dielectric  spheroids  representing  humans  and  animals, 
though  an  extension  to  lossless  dielectric  objects  has  been 
examined  as  well.6  Nothing  in  the  IEBCM  formulation, 
however,  restricts  its  application  for  a  more  general  prob¬ 
lem,  i.e.,  one  which  involves  a  scatterer  characterized  by  all 
of  the  three  constitutive  parameters  er ,  a,  and  ft, .  The  scat¬ 
tering  properties  of  such  targets  have  recently  come  into 
prominence  due  to  their  ability  to  absorb  EM  radiation  effec¬ 
tively  (e.g.,  Ref.  7).  This  being  the  case,  in  this  paper  we  shall 
use  the  IEBCM  to  examine  the  plane  wave  irradiation  of 
penetrable  spheroids  with  nonvanishing  conductivities,  and 
possessing  dielectric  as  well  as  magnetic  susceptibilities.  We 
shall,  first,  prove  the  conditional  convergence  of  the  IEBCM 
algorithm,  though  for  the  details  fo  the  IEBCM  algorithm 
itself,  the  interested  reader  is  referred  to  Refs.  3  and  4. 

CONVERGENCE  OF  THE  IEBCM 

The  /  th  (/  ;>  0)  iteration  of  the  total  problem  is  divided 
into  two  problems:  (1)  an  external  problem,  in  which  the 
surface  fields  on  a  perfectly  conducting  object  of  the  same 
shape  and  size  as  the  actual  object  are  solved,  and  (2)  an 
internal  problem,  in  which  the  fields  inside  the  actual  object 
are  estimated  using  the  results  of  the  external  problem  pre¬ 
viously  solved  as  well  as  the  multiple  subregional  internal 
field  expansion  scheme  described  in  Refs.  3  and  4.  These 
internal  fields  are  then  utilized  to  refine  the  estimate  of  the 
surface  fields  in  the  external  problem  of  the  next  [the 
(/  +  l)th]  iteration.  This  iterative  procedure  continues  until 
preset  error  criteria  on  the  internal  fields  have  been  satisfied. 

Consider,  therefore,  a  dielectric  volume  V  character¬ 
ized  by  a  surface  5,  and  described  by  given  er,  ft,,  and  a, 
irradiated  by  a  planewave  [  E',H' ) ,  as  shown  in  Fig.  1 .  In  the 
external  problem  of  the  /  th  iteration,  the  equation  to  lx 
solved  is  given  by  Refs.  3  and  4. 

[E'lM  +  VX  W)XE!'r  «■*(**. \k*'W 

-  VXTX/,  — «(r')XH''r  "^(VlVVfc'l 

jo)€0 

=  VXVX/5  — "(r')Xd  Hft-Sf (VlWi*.  ID 

m  o 

where  (Eli,-  11  j  are  the  estimates  of  the  fields  induced 


30S7 


J.  Appt.  Phys  M  (1 1).  1  December  1 984  0021  -8979/64/233057 -04 $02  40 


©  1984  American  Institute  o(  Physics 


3057 


FIG.  1 .  The  geometry  of  the  IEBCM  formulation.  The  various  electromag¬ 
netic  quantities  involved  are  also  shown. 


inside  the  dielectric  object  from  the  (/  —  l)th  iteration, 
nXriH^  is  an  incremental  electric  current  density  on  the 
surface  of  the  substitute  perfectly  conducting  object,  h  is  a 
unit  outward  normal  to  S,  9  (A^r|  k&')  is  the  freespace  trans¬ 
verse  dyadic  Green’s  function,1  k0  —  0,  and 

k  =  kQ1J(er  -f  j<r/ac0)n, .  It  is  obvious  that  for  the  zeroth  it¬ 
eration,  Ej«~"  211(1  H'j.r"  are  identically  zero  and  that 
h  XriH*'  =  nXH1®  .  The  solution  of  the  external  problem 

is/ixH'V  =  n X  [ H(,+~  "  +  d  H''J  ]. 

In  the  internal  problem,  on  the  other  hand,  the  actual 
properties  of  the  object  are  utilized,  and  fresh  estimates  of 
the  internal  fields  ( Ej'n',  ,H^',  |  are  obtained  following  the  pro¬ 
cedure  described  in  Secs.  II C  and  II  D  of  Ref.  3.  The  itera¬ 
tive  procedure  thus  carries  on  till  the  incremental  surface 
current  density  fi  Xd  H'^  calculated  on  the  left-hand  side  of 
Eq.  (1)  becomes  almost  zero,  thereby  meeting  the  preset  er¬ 
ror  criterion.  In  this  way  the  fields  induced  inside  the  object 
can  be  determined. 

Throughout  the  formulation  of  the  IEBCM,  the  various 
field  quantities  involved,  as  well  as  the  free-space  Green’s 
dyadic,  are  expressed  in  a  complete  set  of  suitable  basis  func¬ 
tions  *v(x)  and  ReVv(x)  (Ref.  4).  Therefore,  the  solutions  of 
the  external  and  the  internal  problems  in  each  iteration  are 
essentially  operations  involving  infinite  matrices.1 

Consider,  therefore,  the  expansion  of  the  incident  field 

E'as 

E'(M  =  Xa*  Re  ’•MM-  (2) 

w 

On  solving  the  external  problem  in  the  zeroth  iteration,  we 
have  a  similar  expansion  for  on  the  surface  of  the 

substitute  perfectly  conducting  object: 

AXH?  -JpwRefMM-  (3) 

In  Eq.  (3),  the  superscript  on/?v  represents  the  iteration  num¬ 
ber.  Then,  after  solving  for  the  internal  fields  in  the  internal 
problem  of  the  zeroth  iteration,  and  calculating  the  integro- 
differential  expressions  bracketted  with  E'(/c„r)  on  the  right- 
hand  side  of  Eq.  ( 1 )  we  obtain 


-  Vx/s«(r')XE!2(*r').5f(*0r|*or')*' 

-I-  VX?X/S  — %') X HK (Ar'J-^orlVW 
jtoe0 

=  ^v°’Re'i'.(M-  (4) 

v 

In  terms  of  actual  matrices  Q  and  R,  we  can  represent  the 
process  described  in  reaching  Eq.  (4)  from  Eq.  ( 1)  as 

=  Qa, 

y°*  =  R0m  =  RQa.  (5) 

Next,  in  the  first  iteration,  we  can  similarly  write 

0w  =  Q{2a-?%  (5a) 

y“>  =  RQ[1S  -  RQ)a, 

where  S  is  the  identity  matrix.  Continuing  in  this  manner, 
we  obtain  for  the  /  th  iteration: 

r  =  c((/+Da-'|V").  (6) 

/’=  [S-\S-RQ)‘+']a, 

from  where,  on  simplifying  the  equation  for/?1'1  in  Eq.  (6)  we 
obtain 

0''>  =  q(s+  ^[y-RQ^a  (7) 

In  order  to  investigate  the  behavior  of  the  sequences 
j/?1'1),  as/ increases,  Eq.  (7)  is  recast  into  the  following  form: 

0',]~QU  +  [S-RQ)l;Z(S-RQr)a,  (8) 

\  ii  —  0  / 

where  the  summation  over  the  index  n  can  be  easily  recog¬ 
nized  to  be  representing  a  finite  Neumann  series.  It  can  now 
be  shown9  that  this  Neumann  series  converges  to  (RQ )  ~ 1  as  / 
increases,  provided  the  maximum  eigenvalue  A  of  [J'  —  RQ ) 
is  such  that  \A.  (  <  1;  and  the  sequence  |/?,n),  therefore  con¬ 
verges  to/?  where, 

0  =QlS  +  \S-RQ)[RQr'\a 

=  R~'a,  (9) 


KM  ' 

I 

a 

1  ■ 

FIG.  2.  A  prolate  spheroid  characterized  by  erI  a, 
and  ft,  is  exposed  to  a  plane  wave  incident  end  on. 
The  vector  quantities  are  in  boldface. 
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the  same  time  the  sequence  |  y11 1 ) ,  converges,  as  expected, 
y,  where 

y  —  R0~a  (10) 

IMERICAL  RESULTS  AND  DISCUSSION 

For  our  sample  computations  made  using  the  IE8CM 
:  chose  a  prolate  spheroid  of  semimajor  axis  a  —  0.2  m  and 
ving  an  aspect  ratio  a/b  =  3.096,  being  irradiated  by  a 
me  wave  ( E'.H'J  incident  end  on  as  shown  in  Fig.  2.  The 
nstitutive  properties  of  this  hypothetical  object  are  plotted 
Fig.  3  as  a  function  of  the  frequency.  It  must  be  pointed 
t  that  for  these  computations,  the  conductivity  and  the 
ative  permittivity  were  kept  independent  of  the  frequency, 
lile  an  idealized  variation  of  the  relative  permeability  was 
turned.  This  was  done  in  order  to  explore  the  effects  of 
ving  a  nonvanishing  magnetic  susceptibility  vis-a-vis  the 
le  when  the  scatterer  does  not  have  any  magnetic  proper- 
s.  The  properties  selected,  however,  do  not  differ  qualita- 
ely  from  those  experimentally  determined  for  ferrite-im- 
egnated  plastics  except  that  the  value  of  /*,  in  these 
Iculations  is  purely  real.7 

The  absorption  cross  section  atbm,  the  back  scattering 
ms  o„,  and  the  total  scattering  cross  section  were 


os  os  os  os  vi  vs 

ii 


3.  4.  Normalized  absorption  cross  section  vs  size  parameter  for  the 
leroid  used  for  the  sample  IEBCM  calculations.  The  irradiatint  plane 
re  is  incident  end  on. 


computed  using  the  IEBCM  for  the  case  of  this  sample 
spheroid  exposed  to  a  plane  wave  incident  end  on.  These 
quantities,  non  dimensionalized  by  ira2,  are  plotted  in  Figs. 
4-6  as  functions  of  the  size  parameter.  We  also  used  the 
IEBCM  for  making  similar  computations  for  a  spheroid 
with  identical  dimensions,  relative  permittivity,  and  conduc¬ 
tivity  but  which  does  not  possess  any  magnetic  susceptibil¬ 
ity.  It  is  clear  from  Fig.  4  that  the  absorption  cross  section  is 
greatly  enhanced  when  the  lossy  dielectric  object  has  a  non¬ 
vanishing  magnetic  susceptibility  as  well.  This  would  imply 
that  the  presence  of  magnetic  properties  enhances  the  ab¬ 
sorption  mechanisms  in  an  otherwise  lossy  dielectric  body. 
Furthermore,  there  is  a  corresponding  reduction  in  the  back- 
scattering  as  well.  There  is,  indeed,  a  slight  increase  in  the 
total  scattering  cross  section,  but  this  slight  increase  is  com- 
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km 

FIO.  3.  Normalized  backscaltering  cross  section  vs  size  parameter  for  the 
spheroid  used  for  the  sample  IEBCM  calculations.  The  irradiating  plane 
wave  is  incident  end  on. 
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FIG.  6.  Normalized  total  scattering  cross  section  vs  size  parameter  Tor  the 
spheroid  used  Tor  the  sample  IEBCM  calculations.  The  irradiating  plane 
wave  it  incident  end  on. 


pletely  overshadowed  by  the  dramatic  increase  in  the  ab¬ 
sorption. 

In  order  to  understand  this  enhancement  of  power  dis¬ 
sipation  in  scatterers  possessing  fi,  >  1  in  addition  to  their 
lossy  dielectric  properties,  we  computed  the  electric  and  the 
magnetic  surface  current  densities  on  a  spheroid  of  size  pa¬ 
rameter  ka  =  0.6  and  aspect  ratio  a/b  —  3.096.  The  spher¬ 
oid  is  characterized  by  er  =  33  and  has  a  conductivity 
a  =  2.587  (1  ~x  m-1.  In  the  first  instance,  the  scatterer  had 
no  magnetic  properties  (i.e.,/4,  =  1),  and  the  current  densi¬ 
ties  are  shown  in  Figs.  7  and  8.  Next,  the  spheroid  was  as¬ 
sumed  to  have  (i,  =  10  also,  and  the  surface  currents  are 
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FIG.  7.  Surface  electric  cutTent  density  J  induced  on  a  spheroid  [ka  =  0.6, 
a/b  m  3.096.  f.  m  33,  a  =  2.587/2  *'  m"  '(computed  using  IEBCM  for  (a) 
ft,  =  I  and  (b|p,  =  10.  The  irradiating  plane  wave  is  incident  end  on  and 
J»/,cos4f  +  J«*ui44ina  [h,t,i  |  coordinate  system. 
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FIG.  8.  Surface  magnetic  current  density  M  induced  on  a  spheroid 
[ka  =  0.6,  a/b  =  3.096,  e,  =35 ,  a  —  2.587  ft  -l  m~')  computed  using 
IEBCM  for  (a)  fi,  —  1  and  |b )/r{  =  10.  The  irradiating  plane  wave  is  inci¬ 
dent  end  on  and  M  =  M,  sin  4 <  +  Mt  cos  4  4  in  a  [h.t.A  I  coordinate  sys¬ 
tem. 

compared  in  Fig.  7  and  8  with  those  plotted  for  the  case 
//,  —  1.  From  these  two  figures,  it  can  be  observed  that  the 
presence  of  magnetic  susceptibility  lowered  the  surface  elec¬ 
tric  current  density  J,  but  it  considerably  increased  the  mag¬ 
netic  current  density  M  on  the  surface  of  the  spheroid.  Since 
J  =  nXHinl  and  M  =  Elnl  X«,  where  h  is  a  unit  outward 
normal  to  the  spheroid  surface  and  |  Einl,Hml  |  are  the  fields 
computed  in  the  interior  of  the  object,  it  is  obvious  that  the 
electric  field  induced  inside  the  body  is  increased  while  the 
internal  magnetic  field  is  lowered  by  the  presence  of  a  mag¬ 
netic  susceptibility.  Since  the  power  dissipated  inside  the 
lossy  spheroid  is  equal  to  l/2a|Eint  |2,  it  is  not  surprising  that 
the  absorption  is  considerably  enhanced  when  //,  >  1. 

It  is  also  inferred  from  Figs.  7  and  8  that  the  lowering  of 
the  surface  electric  current  due  tof/r  >  I  is  somewhat  over- 
compensated  by  an  associated  increase  in  the  magnetic  cur¬ 
rent  density.  For  this  reason,  only  a  slight  enhancement  in 
the  total  scattering  cross  section  is  observed  as  the  relative 
permeability  is  increased  from  unity. 
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In  a  recent  paper,1  Iskander  and  Lukhtakia  have  demon¬ 
strated  the  use  of  the  iterative  extended  boundary  condition 
method  (IKBCM)  to  compute  the  scattering  of  MM  waves  by 
low-loss  or  lossless,  elongated,  axisymmetric  dielectric  objects. 
The  singular  advantage  of  the  1EBCM  over  the  regular  EBCM 
(RKBCM)2  is  that  it  yields  numerically  stable  and  convergent 
fields  induced  inside  and  scattered  by  such  elongated  objects 
for  which  purpose  the  latter  technique  is  inadequate/’  This 
advantage  is  achieved  at  the  expense  of  a  considerable  increase' 
in  computation  time  as  well  as  in  programming  effort. 

If,  however,  the  scattering  volume  does  not  absorb  energy 
(i.e.,  it  is  either  lossless  dielectric  or  perfectly  conducting),  the 
a  priori  utilization  of  the  known  properties  of  the  T-matrix 
generated  in  the  RKBCM  can  be  used  to  effect  a  substantial 
improvement  in  the  adequacy  of  the  RKBCM  itself.  This 
improvement  comes  via  certain  orthogonali/ation  procedures, 
but,  in  the  process,  all  knowledge  of  the  fields  induced  inside 
and  on  the  surface  or  the  scatterer  is  lost.  This  loss  is,  how¬ 
ever,  of  little  consequence  if  one  is  interested  only  in  obtaining 
the  scattered  fields.  Furthermore,  not  only  elongated  nee- 
dielike  targets  can  be  handled  but  severely  compressed  disk¬ 
like  scatlcrers  can  be  considered  wilh  equal  ease.  This  con¬ 
trasts  with  the  I  EBCM  whose  use  is  presently  constrained  to 
needlelike  objects  since  it  utilizes  the  multiple  subregional 
lield  expansion  scheme  to  express  the  internal  or  the  surface 
fields.1  •’ 
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FIGURE  CAPTIONS 


Fig.  1  Schematic  of  the  problem. 

Fig.  2  Power  reflection  coefficients  P  ,  P  and  P  ^  computed  using 
the  present  approach  when  a  horizontally  polarized  EM  wave 
strikes  a  perfectly  conducting  half-space  with  a  surface  defined 
by  z  =  h  cos  (2ttx/L).  6^=15°  and  kL=4iT..  Comparison  is  made 

with  Holford’s  computations  [5,6]  for  the  acoustic  response  of 
an  acoustically  soft  surface. 

Fig.  3  Power  reflection  coefficients  P  ,  P  and  P  ^  computed  when  a 
vertically  polarized  EM  wave  strikes  a  perfectly  conducting 
half-space  with  a  surface  defined  by  z=hcos(2Trx/L) .  9q=15° 

and  kL=l*7r.  Comparison  is  made  with  Holford's  computations 
[5,6]  for  the  acoustic  response  of  an  acoustically  hard  surface. 


upto  about  0.2  this  time.  This  is  no  doubt  related  to  the  instabilities 
of  the  solution  procedure  which  become  more  visible  when  Neumann  boundary 
conditions  prevail  on  S  than  when  Dirchlet  boundary  conditions  do. 

Again,  we  have  been  able  to  compare  very  favorably  with  the  acoustic 
response  of  an  acoustically  hard  surface  supplied  to  us  by  Holford  [5,6]. 

t 

In  these  calculations,  as  well  as  in  several  others  made  by  us, 
the  conservation  of  energy  was  satisfied  to  within  ±0.5$.  The  efficacy 
of  using  our  surface  field  expansions,  in  conclusion,  has  been  very  well 
demonstrated  by  us  using  the  presented  computations.  We  are  currently 
investigating  the  use  of  these  expansions  in  related  problems  in  electro¬ 
magnetic  as  well  as  elastic  wave  scattering  phenomena. 
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III.  NUMERICAL  RESULTS 


The  derivation  of  the  T-matrices  in  the  previous  section  hold  for 

any  arbitrary  periodic  boundary  profile  F:  z=z(x).  However,  in  presenting 

our  numerical  results  we  confine  ourselves  to  the  sinusoidal  surface 

z  =  h  cos  (2ttx/L).  These  results  were  calculated  on  a  DEC  VAX  11/730 

minicomputer.  ’  * ' 

In  Fig.  2  we  show,  the  computed  values  of  the  power  reflection 

coefficients  P  as  functions  of  the  roughness  parameter  h/L  when  a 
n 

horizontally  polarized  EM  wave  is  incident  on  S  making  an  angle  of 

15°  with  the  z-axis,  the  value  of  kL  being  fixed  at  Lit.  The  coefficient 

P  is  defined  as 
n 


P  =  f  /a 
n  no 


(HO 


but,  in  this  figure  we  have  suppressed  P^  in  the  interests  of  clarity. 

It  is  to  be  noted  that  while  the  regular  T-matrix  procedure  [l]  would 
have  been  restricted  by  the  Rayleigh  hypothesis  to  h/^  <  1/lU,  we  have 
been  able  to  compute  upto  h/L  =  0.26  using  the  Fourier  expansion  of  the 
surface  field  normalized  by  the  incident  field.  Furthermore,  since  the 
problem  of  scattering  is  a  scalar  one  we  have  compared  our  results  with 
those  calculated  [6]  by  Holford  for  the  acoustic  response  of  an  acoustically 
soft  surface  obtained  using  a  boundary  integral  equation  method  [5]. 

The  agreement  between  the  two  .techniques  could  not  be  better. 

Finally,  in  Fig.  3  we  have  shown  P  computed  when  a  vertically 

n  - 

polarized  EM  field  strikes  the  perfectly  conducting  rough  half  space. 

The  parameters  for  these  calculations  are  otherwise  identical  to  those 
in  Fig.  2.  Our  previous  remarks  relating  to  the  regular  T-matrix  procedure 
[l]  again  apply  here,  though  we  note  we  have  been  able  to  tackle  h/L 


.v. 


J  m»_  m*_  »**_ 


and  the  T-matrix  is  exactly  the  same  in  form  as  in  the  equations  (10). 


In  obtaining  (12a, b),  the  boundary  condition  n.V+u  =  0  was  enforced  on 
S  to  obtain 

f  =  -  (l/2ikL)  f  do  .V^(-k+  .  r  )u 
m  J  ~o  ~o  + 

r 

a„  =  (l/2ik L)  f  dO^  ,7ip(-k  .  r  )u 


and 


(1 


Substituting  (8)  in  (7a>b)  and  enforcing  =  1  we  get 

f  =  [$+]a  ,  a  =  [$~]a 

where  the  matrices  [$-]are  defined  by 

L 

*  ±  (1/L)  Ax  Y  exp  [-i  (k*  -  k*)  .  r] , 
mn  j  mn  ~m  ~n  ~o 


(8) 


(9a) 


where 


1/2 


Y  =  -  (cos9  cos90 )~  [cos0n  +  sin0  ] 
mn  m  u  u  n  dx 


and 


k*  A  k  (sin0  x  -  cos0nz) 

n  —  '  n  u 

We  can  now  obtain  a  T-matrix  such  that 
f  =  [T]a 


with 


[T]  =  [4>+]  [ O'1 

provided  the  inverse  of  [$  ] exists. 


(9b) 


(9c) 


(10a) 


(10b) 


For  the  case  of  the  vertically  polarized  field  i.e.  when  the  electric 
field  is  polarized  in  the  x-z  plane, and  H°=-yu°,  the  problem  again  reduces  to 
scalar  one,  with  the  exception  that  the  derivative  of  the  total  field 
goes  to  zero  on  the  surface  f 1 ] .  The  expansion  of  the  surface  field  u+ 
is  given  by 

u,  =  2%  a  '{>*  (r  ),  r  £  T 
+  /  v  n  n  -o  -o 


(11) 


where  aQ  is  again  un’  ;y ;  the  [$~]  matrices  are  now  defined  by 

L 

<P~  -  ±  0-/L )  f  d  Y*  exp  [-i(k"  -  k#)  .  r  ], 
mn  /  x  mn  r  ~m  ~n  ~o 

•4 


(12a) 


where  the  y~  are  given  as 
mn  3 


1/2 


Y~  =  (cos8  cos8n  )  [-sin9  7^-  ±  cos6  ); 
mn  m  O'  L  m  dx  m 


(12b) 


4 


uS(r)  f  ij;(k+  .  r)  ;  r  :  z  .  r  <  z 
^  n  ~n  ~  ~ 


max 


(5) 


with  f  being  the  unknown  coefficients  to  be  determined, 
n 

Now,  following  Waterman  [l] ,  we  obtain  a  set  of  matrix  equations  for 
the  case  of  the  horizontally  polarized  fields 


f  =  (l/2ikL) 
m 


f  % 

*T 


*  ^o}  V 


(6a) 


and 


a  =  -(l/2ikL)  /  da  .  [iK-k-  •  r  )  V  u 
m  I  — o  -m  -vO  + 

*  r» 


(6b) 


vdz, 


where  V  u  refers  to  the  surface  field,  da  =  n  da  =  dx(z-x— ),  n 
+  ~o  o  dx 

is  a  unit  inward  normal  to  the  surface  and  T  is  one  period  of  boundary 
profile.  In  deriving  these  equations  Waterman  used  the  Huyghen's  principle, 
followed  by  the  extended  boundary  condition,  specifically,  for  (6b). 

At  this  point  we  need  a  representation  for  n  .  V,.u  which  we  obtain  as 


n  .  V  u  -  2%  '  a  n  .  W  (r  ),  r  e  r 
+  /  .i  n  n  ~o  ~o 


where  the  function  w*  (r  )  is  defined  as 

n  ~o 


\  x  in2irx  /L 

V  (r  )  -  ip(k  .  r  )  e  o 

n  — o  ~0 


(7) 


(7a) 


Equations  (7)  and  (7a)  together  constitute  a  Fourier  expansion  of  the 

surface  field  normalized  by  the  incident  field  at  the  surface  S;  consequently, 

a  =  1  is  a  reasonable  assumption.  We  note  here  that  by  not  using  Mk-  •  r  ) 
o  ~n  ~o 

in  the  expansion  ( 7 )  we  have  effectively  bypassed  the  Rayleigh  hypothesis. 

In  order  now  to  make  (7a)  consistent  with  our  basis  functions' we  rewrite  it  as 

\  x  ik(sin9  -  sin9  )x  (7b) 

<£o>  =  'f(5o  •  '  ”  0  0 


.**  /' 


T-MATRIX  EQUATIONS  FOR  A  PERIODICALLY  CORRUGATED  SURFACE 


Following  the  description  given  by  Waterman  [l],  consider  the  periodic 
boundary  S  described  by  z(x)=  z(x+L),  the  geometry  of  which  is  shown  in 
Fig.  1.  First,  let  the  surface  be  illuminated  by  an  incident  plane  wave 
E  (x)  =  y  u  (r) : 


1/2 


u  (r)  =  (cos  0  )  '  exp( i  kQ.r) 

where  kQ  =  k  (sin  0Q  x  -  cos  0  z), 

2  1/z 

and  cos  0  =  (l  -  sin  0Q) 

is  a  positive  real  quantity.  We  begin  by 


(1) 

(2a) 

(2b) 

introducing  a  basis  of  Bloch  functions 


+  _  i  /  2  + 

i(j(±k_  .  r)  =  (cos  0  )  exp  (+i  k  .r),  n*0,±l,...,  (3a) 

~n  ~  n  ~n  ~ 


with  k  = k  (sin  0  x  ±  cos  0  z),  (3b) 

~n  n  n 

sin  0  =  sin  0A  +  2  irn/kL,  (3c) 

n  0 

2  1/2  p 

and  cos  0  =  (l  -  sin  0  )  ,  sin  0^1  (3d) 

n  n  n 

2  1  / 2  2 

+i(sin  0-1)  ,  sin  0  >  1  (3e) 

n  n 


The  functions  •  r)  are  the  outgoing  eigenfunctions,  to  be  used  to 

describe  the  scattered  field,  while  ^(k  .  r)  are  the  incoming  eigenfunctions. 

~n  ~ 

The  equations  (3d)  and  (3e)  distinguish  propagating  and  evanescent  modes, 
respectively.  We  represent  formally  the  incident  field  (l)  as 


u°(r)  -V a  ip(k“  .  r)  (h) 

-  V  n  -n  ~ 

with  a  =  6  .,  6  ,  being  the  Kronecker  delta  function.  The  scattered  field 

n  nu  nn 

s 

u  ,  on  the  other  hand,  is  now  represented  as 


surface  field  normalized  by  the  incident  field  on  the  surface.  When 
compared  with  Waterman's  approach  this  does  not  entail  any  extra  numerical 
effort,  but  more  deeply  corrugated  surfaces,  i.e.  those  having  maximum 
slopes  of  the  order  of  1.5,  can  now  be  considered.  Our  T-matrix  approach 
is  also  similar  to  the  formulation  of  acoustic  scattering  by  hard  and  soft 

t 

surfaces  derived  by  DeSanto  [U]  but  while  we  use  the  extended  boundary 
condition  [l]  he  did  not. 

In  presenting  this  approach  we  shall  restrict  ourselves  to  the  case 
of  a  perfectly  conducting  half-space  having  a  periodically  corrugated 
surface  as  shown  in  Fig.  1.  Furthermore,  we  shall  describe  the  derivation 
for  horizontally  polarized  electromagnetic  fields  so  that  the  x-z  plane 
is  the  plane  of  incidence,  E=yu(r),r=  xx+zz  and  y  is  a  unit 
vector  going  into  the  plane  of  Fig.  1.  The  analysis  for  vertically  polarized 
fields  proceeds  similarly  and  shall,  therefore,  be  mentioned  only  in 
brief.  We  compare  our  calculations,  made  on  a  DEC  VAX  11/730  minicomputer, 
with  those  of  Holford's  integral  equation  technique  [5*6].  We  stress, 
parenthetically,  that  Holford's  method  is  much  harder  to  implement 


numerically. 
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INTRODUCTION 

The  scattering  of  electromagnetic  waves  by  an  infinite  rough  surface 

depends  very  strongly  on  the  roughness  of  the  surface  as  well  as  on  the 

angle  of  incidence.  In  addition  to  the  specular  scattering,  which  is 

characteristic  of  reflexion  from  a  smooth  plane,  scattering  also  occurs 

at  many  different  angles  using  the  nonplaner  nature  of  the  surface. 

When  dealing  with  the  scattering  properties  of  an  infinite,  periodically 

corrugated  surface  it  is  appropriate  to  use  a  planewave  spectral  representation 

of  the  fields  of  interest,  which,  for  the  specific  case  of  a  perfectly 

conducting  surface,  are  the  known  incident  field,  and  the  unknown  scattered 

and  surface  fields.  Two  types  of  plane  waves  are  used  for  this  purpose. 

The  first  set  of  plane  waves  propagate  towards  the  surface  (i.e.,  in  the 

-z  direction  as  shown  in  Fig.  l)  and  are  directed  symbolically  by  ip  (k~’r). 

~n  ~ 

Obviously,  this  set  of  plane  waves  is  best  suited  to  describe  the  incident 
field.  The  scattered  field,  on  the  other  hand,  propagates  away  from  the 
surface,  at  least  for  all  points  such  that  z  >  h,  2h  being  the  peak-to- 

peak  corrugation  depth.  These  planewaves  of  the  outgoing  kind  are  denoted 

+ 

by  iKkn*r). 

It  is  the  surface  field  whose  representation  poses  a  problem.  Waterman 

[1]  who  originally  published  a  T-matrix  to  obtain  the  electromagnetic 
(EM)  response  of  a  perfectly  conducting  half-space  having  a  periodically 
rough  surface,  considered  the  use  of  only  the  ip(kn*r)  functions  to  represent 
the  surface  field.  Incidently,  that  was  also  the  choice  made  by  Rayleigh 

[2] .  This  is,  however,  a  hypothesis  that  limits  the  maximum  slope  of 
the  surface  to  less  than  0.UU8  [3], 

It  is  our  objective  in  this  communication  to  present  a  new  T-matrix 
formulation  which  involves  a  Fourier  exponential  representation  of  the 
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ABSTRACT 

In  investigating  the  scattering  response  of  a  periodic  surface,  the 
use  of  inoonplete  or  inappropriate  basis  functions  for  representing  the 
field  (s)  induced  on  the  scattering  surface  has  given  rise  to  what  is  now 
called  the  Rayleigh  Hypothesis  (RH) .  Here  we  use  normalised  Fourier  bases 
for  this  purpose  and  develop  a  T-matrix  which  carpletely  characterises 
the  scalar  scattering  response  of  such  a  surface.  The  Rayleigh  limits  are 
effectively  bypassed,  and  the  obtained  solutions  are  seen  to  obey  uni  tar- 
ity  as  well  as  reciprocity  constraints.  We  also  show  that  the  measurement 
of  the  scattered  field  can  lead  to  two  different  interpretations  of  the 
nature  of  the  scattering  surface  in  inverse  shape  problems. 


INTRODUCTION 


The  scattering  of  waves  -  be  they  acoustic,  electromagnetic,  or 

elastic,  -  by  periodic  surfaces  h-3  been  the  subject  of  much  investigation 

ever  since  Rayleigh  studied  the  scattering  response  of  sinusoidal  reflection 
gratings  [1].  He  expanded  the  incident  and  tie  scattered  fields  in  terms 
of  relevant  incoming  and  outgoing  planewaves ,  repsectively,  and  these 
decompositions  are  used  to  this  day  in  such  problems.  However,  he  expressed 
the  field (s)  generated  on  the  periodic  surface  in  terms  of  outgoing  plane- 

waves  alone,  a  premise,  -  now  called  the  Rayleigh  Hypothesis  (RH) ,  - 

which  involves  an  incomplete  basis  set,  and  can,  therefore,  be  used  for 
shallow  corrugations.  In  a  classic  paper,  Millar  [2]  has  shewn  that 
for  2-D  scalar  problems  involving  a  surface  S2 :  x3  (x2,x  )  =  h  oos  (2-rrXj/L) 
the  RH  is  applicable  for  h/L  £  0.072.  For  the  corresponding  3-D  problems , 
we  believe  that  Goodman's  estimate  [3]  of  h/L  £  0.0504  is  correct,  the 
surface  S3:  x3(x2,Xj)  =  h  [cos  (2ttx2/L)  +  cos  (2nXj/L)  ] . 

Since  then  several  efforts  have  been  made  to  bypass  the  above-mentioned 
Rayleigh  limits  on  the  maximum  gradient  of  periodic  surfaces.  Most  of  these 
methods  fall  into  two  categories.  Methods  of  the  first  kind  involve  the 
solution  of  an  integral  equation  (IE)  [4,5]?  while  the  second  type  are 
essentially  matrix  procedures  [3,  5—12] .  Though  the  IE  methods  have  been 
very  successful  in  dealing  with  highly  corrugated  S2,  their  use  for  S3  is 
extremely  cumber  seme  because  of  tedious  computations.  Hence,  matrix  methods 
offer  the  only  choice  for  3-D  problems.  In  this  connection,  DeSanto 
[6]  has  formulated  coupled  integral  equations  which  are  converted  into 
matrix  equations  using  relevant  expansions  for  the  fields  of  interest,  h 
more  elegant  approach  is  due  to  Waterman  [12]  who  used  the  'extinction' 
theorem  to  formulate  a  T-matrix  which  characterizes  the  scalar  scattering 
response  of  periodic  S2.  This  method,  known  as  the  T-matrix  procedure, 
involves  an  understanding  of  the  scattering  problem  from  first  principles 
using  the  Huyghen's  and  the  Love's  equivalence  principles.  Recently, 
this  approach  has  also  been  extended  to  elastic  scattering  problems  as  well 
[8,9]. 


Nevertheless,  the  expansion  of  the  surface  field (s)  in  terms  of  only  the 
incoming  planewave  bevies  for  the  T-matrix  approach  has  proved  to  be  a  stumbl¬ 
ing  block  in  its  application  for  highly  corrugated  surfaces.  Such  an  expans¬ 
ion  is  as  inoonplete  as  the  one  used  by  Rayleigh;  consequently,  this  irethod 
has  suffered  from  the  same  limitations.  Recently,  however,  using  a  hybrid 
T-matrix  -  point-matching  technique,  wherein  the  surface  field (s)  is  express¬ 
ed  in  terms  of  both  incoming  and  outgoing  planewave  bases,  the  applicability 
of  the  method  has  been  increased  to  higher  corrugations  than  previously  possi 
ble.  We  have  used  this  hybrid  technique  for  scalar  [13]  as  well  as  elastic 
[9]  scattering  problems  involving  S2  surfaces. 

Specifically  for  scalar  problems,  Fourier  bases  have  been  used  for 
representing  the  surface  field (s)  in  the  T-matrix  framework  [3]  and  with 
success  as  evinced  by  the  data  published  in  [14].  On  the  other  hand,  using 
these  same  Fourier  bases  for  computing  elastic  responses  by  Chuang  and  John¬ 
son  [8]  has  not  lifted  the  T-matrix  approach  from  within  the  Rayleigh  limit 


on  the  maximum  surface  slope.  However,  the  use  of  normalised  Fourier  bases 
of  [6,7]  has  been  more  premising  as  shown  by  our  work  on  the  scalar  response 
of  S2  [15]. 

In  this  paper  we  present  a  T-matrix  formalism  for  computing  a  stable  and 
accurate  T^matrix  which  characterises  the  acoustic  responses  of  hard  and  soft 
periodic  S3  surfaces.  Normalised  Fourier  bases  will  be  used  to  express  the 
surface  field;  ard  the  presented  approach  will  also  be  valid  for  electromag¬ 
netic  problems,  where  the  relevant  fields  will  haye  to  be  decomposed  into  TM- 
to  and  TE-to  x3 fields.  The  use  of  these  bases  for  elastic  problems  is  still 
under  investigation  and  shall  not  be  discussed  here.  From  our  results  we  shall 
show  that  the  presented  T-matrix  method  is  useful  .for  scalar  problems  involv¬ 
ing  surface  slopes  about  3  to  4  times  the  Rayleigh  limits.  We  shall  also 
discuss  a  non-uniqueness  in  the  inverse  shape  problem  when  the  field  scattered 
by  the  periodic  surface  has  been  determined  experimentally. 


THEORY 


Let  OXiXjXj  denote  a  3-D  Cartesian  co-ordinate  system.  The  surface  S3  is 
given  by  x3  =  F'(Xj,x,),  where  F  is  assumed  to  be  a  single-valued ,  differenti¬ 
able,  periodic  function  with  periodicities  Lj  and  L2.  This  surface,  in  the 
mean,  should  be  the  flat  plane  x3  =  0. 

The  region  V  above  the  surface  {x3  >  F(Xj,x2)  }  is  occupied  by  a  non- 
visoous  compressible  fluid  and  an  incident  planewave 

^(x)  =  i^0  exp  (ikg.x)  (1) 

is  incident  on  S3  with  a  temporal  variation  exp(-iwt) .  The  surface  can  be 
either  acoustically  soft  (case  S)  or  hard  (case  H) ,  and  the  corresponding 
boundary  conditions  on  the  total  field  apply.  The  notation  is  as  follows: 

k  =  oj/c  kg  =  k(a0Uj+  BoH*-  y00u3) 

a  =  sinS  aos<j>  3  =  sin9  sin<{> 

o  oo  o  oo 

y  =  OOS0  x  =  xu  +  xu  +  xu 

0  0  0  —  1~ 1  2—2  3—3 

\pQ  -  constant  anplitude. 

The  relevant  boundary  condition  are: 

Case  S:  ty(x) ls3  -  0  (3) 

Case  H:  v  •  V\|>(x)ig3  =  0  (4) 

v  *  unit  vector  normal  to  S3  into  the  fluid.  (5) 


The  application  of  the  Huyghens'  principle,  and  the  use  of  the  free  space 


Green's  function  G(x'  ;x)  =  exp (ik J x ' -x ( ) /4tt | x ' -xj ,  leads  to  [12]: 

Li  /S 

Hv(x')(Kx')  -  ^(x')  +1  dX!  I  dx2* 

'  0  'o 


•{kG(x';x)  V(x)  -  U(x)  C(x)  y  .  VG(x';x)},  (6) 

with  Hv(x')  =  1  if  x 1  e  V,  and  0  otherwise;  and 
V(x)  =  k-1  ?(x)  y  .  7\Hx)|gj  ,  I 

U(x)  *  ij>(x)  | g3  ^  j  (7) 

C(x)  =  {1  +  (F  )2  +  (F  J2}*5,  F  =  3F/3x  .  | 

—  12  n  n  / 

Equation  (6)  for  x'  £  V  is  the  'extinction  theorem'  [12]  T  ip  *  ip.  +  \p  . 

”  X  s 

The  free  space  Green's  function  can  be  expanded  as 

00  00 

G(x';x)  =  (i/2kL  L  )  Z  Z  (1/Y^J  • 

-  12  p— coq._oo  W 

•  exp{ik[*(x'-x  )  +  3  (x'-x  )  +  Y__|x'-x  |  ]  >  (8) 

P  l  l  q  2  2  pq  3  j  '  r 

with 

a  -  a„  +  2pir/kL  ,  p  »  0,  ±1,  ±2,.... 
p  o  1 

6  -  6n  +  2qir/kL  ,  q  -  0,  ±1,  ±2,.... 
q  U  2 

Y„„  -  [1-  a2  -  B2]5*,  Re(Y  )  >  0,  Imfr)  >  0. 
pq  p  q  pq  —  pq 

At  this  juncture  we  also  define  two  groups  of  wave  vectors 

k*  -  k(a  u  +  3  u  ±y  u)  (11) 

-pq  p— i  q— 2  pq— 3 

with  whose  help  we  define  the  incident  and  the  scattered  fields  as 
00  00 

<jMx)  =  Z  Z  a^  exp(ik^  .  x  )  (12) 

i  n=-o°  q“— 00 

+ 

with  a”  =  tpn6  nS  n  and  unknown  a _  to  be  determined. 

pq  T0  pO  qO  pq 

Let  us  first  consider  the  case  S.  The  boundary  condition  (3)  would  then 
apply  and  the  Equations  (6)  would  accordingly  be  modified.  Ch  substituting 
the  expansions  (12)  in  the  modified  (6)  we  obtain  a  set  of  equations: 


(l/2i*LVpq> 


L  L 
2  .  2 


4  H  <*,  I 


o  o 


•X  •  (exp (~ik~g.x)  7+\{j(x)} 


the  vector 

X  “  (-P^-F^l). 

In  order  to  solve  the  problem  all  we  need  now  is  the  surface  field  represent¬ 
ation,  which  we  assume  to  be  (6,15) 

00  00  * 

X  •V+’Mx)  =21  Z  “nm  X  •  V^expdk^.x) };  x  e  S3  (14) 

n«-°°  m«-°° 

with  the  wave  vectors 

C=k  <V  Sm'  ‘Y00,!  (15) 

finally,  substitution  of  a  truncated  (14)  in  (13)  leads  to  the  matrix 
equations 

a+  =  Q*  .  (Q“)_1  a"  (16) 

+ 

where  the  matrices  Q,  are 

L  L 
2  2 

(E)m  =  ±  I  clx  S  dx  [  (ynn  +  a  F  +  8mF  )/y  L  L  ]. 

-  ^  pq#nm  i  2  00  n  i  m  2"  ’pq  i  2 

•exp[-i(k*  -k*  )  *x] .  (17) 

— pq  — nm  — 

*  + 

At  this  point  we  remark  that  replacing  the  k _ by  either  of  the  kf  vectors 

— nm  — nm 

would  conpletely  debilitate  the  T-matrix  procedure  and  subject  it  to  the 
Rayleigh  limits  in  its  ability  to  handle  deeply  corrugated  surfaces. 

Likewise,  for  the  case  H  the  boundary  condition  (4)  is  substituted  in  (6) 
as  also  the  assured  surface  field  expansion 


ip.(x)  =21  Z  oi  exp(ikT  .x);  x  e  S3 
+  —  nm  -nm  —  — 


(18) 


which  yields  the  solution 

a+  -  <£  •  <v"‘ a'- 

where  L,  L 

+  |  1  |  2 

(Q~)  _  =  ±  dx  dx  [  (+v  +  aF  +  BF  )/y L  L  ], 

n  pq,nm  j  i  1  2  pq  p  1  q  2  pq  1  2 


(19) 


+  * 

•exp[-i(k“  -k  ).x]. 
— pq  —ran  — 


(20) 


Defining  the  energy  carried  by  the  (pq)th  mode  of  the  scattered  field  as 

pra=  <Wyoo>l&!/l*ol2'  1211 


provided,  of  course  that  y  is  positive  real,  the  conservation  of  energy 

P4 

relation  is  obtained  by 


E  =  l  l  P_ 


p  q 


pq 


1. 


(22) 


NUMERICAL  RESULTS 


The  system  of  equations  (16)  and  (19)  were  programmed  on  a  EEC  vax  11/ 
730  minioonputer.  The  inversion  of  matrices  involved  was  carried  out  using 
a  LLJ  decomposition  technique  [16]  via  an  IMSL  subroutine  IflQfrlC,  our  nunerical 
procedure  being  implemented  in  double  precision  arithmetic.  The  Q  matrices, 
themselves,  were  computed  using  a  twc-dimensional  Gauss-Leqendre  quadrature 
scheme  [17],  although  far  special  cases  of  boundary  profiles  these  matrices 
can  be  evaluated  in  closed  forms.  Convergence  of  the  solution  was  checked  by 
ensuring  that  the  scattered  field  coefficients  converged  to  within  0.5%.  An 
additional  check  was  also  provided  by  (22)  which  had  to  be  satisfied  to  be 
within  ±0.005  of  unity. 

The  general  theory  presented  in  the  previous  section  holds  for  both  S2 
and  S3  surfaces  having  periodic  boundary  profiles.  However,  here  we  consider 
surfaces  described  by  x  (x  ,x  )  =  f(x  )  +  f(x  ),  f(x)  =  h  oos(2ttx/L);  for  S2, 

3  2  1  2  X 

f  (x^)  is  set  to  zero.  The  boundary  conditions  prevailing  on  the  surface  can 
be  either  Dirichlet  or  Neumann. 

Consider,  first,  Fig.l  where  we  have  plotted  the  scattered  powers  for 
a  S2 ,  and  have  compared  our  calculations  with  those  of  Hoi  ford  ( 5  J .  As  is 
clear  from  this  figure,  the  improved  T-matrix  scheme  is  applicable  for  rruch 
higher  values  of  the  parameter  h/L  than  the  Rayleigh  limit  of  0.072. 


oRef.5 


Fig.  1.  Reflected  mode  power  P  computed  using  the  presented 
approach  for  a  sinusoidal  S2 .when  a  planewave  is  inc 


at  0O  -  15°,  <}>0  -  0°; 

(a)  Dirichlet  b.c 


al  S  .when  a  planewave  is  incident 
kL  ■  4tt.  Ref.  5  are  the  IE  results. 
.,  (b)  Neumann  b.c. 


Similarly,  in  Table  I  we  consider  a  doubly  sinusoidal  S3  surface,  for  which 
case  scattering  is  observed  in  9  separate  directions.  Again,  note  that  h/L 
=  0.15,  which  is  roughly  three  times  higher  than  Goodman's  conjecture  of 
0.0504  for  the  Rayleigh  limit.  In  these  calculations,  as  in  others  made  by  us, 
we  have  been  careful  to  tolerate  only  a  0.5%  error  in  the  check  for  the  oonser 
vation  of  energy,  and  this  seems  to  serve  adequately  as  a  check  on  the  conver¬ 
gence  of  the  scattered  field  coefficients  as  well.  Reciprocity  of  the  scatter¬ 
ing  solution  has  also  been  confirmed  as  is  shown  by  ccnparing  the  data  in 


Table  I.  Scattering  of  a  normally  incident  planewave  from  S3; 

h  *  0.426,  L  «  2.84,  k  =  3.5.  Each  entry  represents 
P  of  (21). 


±P»  ±9 


Dirichlet  b.c. 


Neumann  b.c. 


0.11534 


0.52718 


0.03792 


0.04348 


0.18407 


0.07574 


1.0033 


1.0041 


Tables  II  and  III.  First,  from  Table  II  we  see  that  the  scattered  power  in 
the  direction  6  -  62.2461°,  <t>  s  0°  is  0.13240  for  the  case  S  and  0.21042 
for  the  case  H,  when  a  planewave  is  incident  normally  on  S3 .  Next,  in 

Table  III,  the  exciting  planewave  is  incident  at  0  =  62.2461°,  <J>  =0°. 

o  o 

For  this  latter  excitation,  the  scattered  power  in  the  normal  direction 
was  confuted  to  be  0.13231  for  the  Dirichlet  b.c.  and  0.21063  far  the  Neu¬ 
mann  b.c. ,  thus  demonstrating  the  satisfaction  of  the  reciprocity  constraints. 


Table  II. 

Same  as  Table  I  except  h  ■  0, 
and  k  ■  2.5. 

.284,  L  -  2.84, 

±p,  ±q 

Case  S 

Case  H 

0,0 

0.47167 

0.15755 

1*°i 

0,1/ 

0.13240 

0.21042 

E 

1.0012 

0.9992 

Table  III. 

.  Same  as  Table  II  except  the 

Incident  from  0  -  62.2461°, 
0 

Incident  wave  Is 

,  <t>  “0°. 

0 

p,  q 

Case  S 

Case  H 

0,0 

0.83265 

0.43256 

-1,0 

0.13231 

0.21063 

-1,±1 

0.01476 

0.11957 

-2,0 

0.00818 

0.11768 

E 

1.0027 

1.0000 

A  NON-UNIQUENESS  OF  THE  INVERSE  SHAPE  PROBLEM 


As  has  been  seen  in  the  preceding  sections,  a  periodic  surface  scatters 
an  incident  planewave  in  discrete  well-defined  directions .  Same  of  these 

directions,  for  which  y  is  real,  have  scattered  planewaves  which  go  upto 

P9 

z  =  °°.  Others,  for  which,  y  is  imaginary,  represent  evanescent  planewaves. 

P9  + 

In  the  far  zone,  the  reflection  coefficients  a  can  be  measured  for  the 

pq 

propagating  planewaves;  hence  the  reflected  field  can  be  obtained  from  measure¬ 
ments  as 


(23) 


ip  (x  ,x  )  =  I  a  _  exp{ikr  cos (0-0) };  kx  large 

S  3  1  p  PO  T  P  3 


where  we  have  considered,  for  the  sake  of  brevity,  only  the  2-D  problem; 


0_  =  arctan(a  ,y  .);  8  =  arctan(x  ,  x  );  and  r  is  the  radial  distance  frcm  the 
P  P  PV  13 


origin  to  the  field  point.  The  surra tion  holds  only  for  the  propagating  plane- 
waves.  However,  in  most  situations,  the  scattering  surface  is  finite  of  total 
expanse  B.  Hence,  if  the  surface  S2  were  to  be  illuminated  by  a  finite-aperture 
field  4  f 

exp(ikQ.x) ,  x  e  S  ,  -B/2  £  x  <_  B/2 

Q  v  r  Ivls  O/O  (24) 


B.  Bence, 
i(x)  =  |e 


x  e  S  ,  |x|>  B/2 


then,  for  a  sufficiently  usual  case  when  the  Rayleigh-Wood  anomalies  are 
absent,  the  scattered  field  has  been  given  by  Jordan  and  Lang  [7]  to  be 

ijj  (x)  =  kB  (2irkr)  **  exp[i(kr-ir/4)  ]  E  a+_  sinc[kB(sin0  -sin0)/2].  (25) 

s  —  ?  pu  p 

For  (25)  to  hold,  kB  must  be  large;  and  only  the  propagating  plane  waves  need 
be  accounted  for. 


Consider,  next,  a  flat  surface  of  the  same  expanse  B  which  is  illuminat¬ 
ed  also  by  the  field  (24) .  This  flat  surface  has  a  periodic  reflectivity 
profile  p  of  period  L,  the  reflectivity  function  being  dependent  on  the  fre¬ 
quency.  The  scattered  field  field  can  be  easily  set  down  as 

i  V* 

ip  (x  ,  x  )  =  f  dx'  pfx'Jexpdkx'sinS  )* 

3  11  11  10 

•  exp[ik(x2  +  (x  — x' ) 2 1*5]  {x2  +  (x  -x^2}-*5  (26) 

3  11  3  11 

arcsin(a  ) .  Because  of  the  periodic  nature  of  p,  this  can  be  red- 


where  0 


uced  to 

P(x) 


I  p  exp(ip2Trx/L) 

n  * 


hL 


N 


ip1  (x  ,x  )  =  E  p  Z  exp (-ik£Lsin0  ) 


&=~N 


(27a) 

/dx'  (x2  +  (x  -x'+JtL)2} 

13  11 

-HL 


•exp(ikx'  sin©  )exp[ik{x2  +  (x  -x'+JlL) 2}Js] , 

1  P  3  11 


(27b) 


and  which,  by  approximating , 


[x2+  (x  -  x'+£L) 2 ] 

3  1  1 


H  „ 


=  (x2  +  (x  +£L) 2] 5  - 

3  1 

-  x'  (x  +£L)  [x2+  (x  +?,L) 2  ]  , 

11  3  1 

further  reduces  to 

N  , 

4<1(x  ,x  )  -  E  p  E  exp  (-ik£Lsin0  )exp  ik{x2+  (x  +£L)2}^ 
31  p  P  £=-N  0  31 


(27c) 


•sinc{(kI/2)  (sin0  -  (x  +£L)  [x2+(x  +£L)2]-,S)  } 


(28) 


with  sinc(z)  =  sin(z)/z,  and  the  ratio  B/L  =  2N+1  is  considered  integral.  The 
factor  /r  is  introduced  since  the  measurements  are  made  in  the  far  zone. 
Furthermore,  by  realizing  that  x  =  x  tan8,  and  on  focussing  our  attention  on 

1  3 

the  argument  of  the  sine  function,  we  observe  that  this  function  reduces  to 

(29a) 


sinc{ (kI/2)  (sinS^-sinS) }, 
while  the  second  exponential  in  (28)  becomes 

exp[ik£L(sin0  -  sin0  )J. 


(29b) 


Since  these  two  are  Fresnel-type  approximations,  l  must  not  assume  high 
enough  values  so  as  to  render  them  invalid.  Therefore,  the  somewhat  restrictive 
assumptions  that  the  ratio  B/L  5  10  while  NL  «  x  are  necessary.  However,  the 

product  kB  can  be  arbitrarily  large.  In  effect,  thus,  this  is  also  a  high  - 
frequency  analysis. 

Noting,  however,  that 
N 

I  exp (iJt£)  =  sinc[(N4Js)U  (2N+1) /sine (HZ)  (30) 

further  sinplifies  (28)  to 

ip1  (x  ,x  )  =  (2N+1)  H21^1  r~h  exp(ikr)  • 

3  1 

•  Z  p  sinc{kB(sin0  -sin0)/2}  (31) 

P  P  P 

after  some  manipulation  of  the  various  sine  functions  involved. 

Formally,  the  scattered  field  is  indistinguishable  from  ^  of  (25) . 

s 

Furthermore,  the  Fourier  oenponents  p  of  the  reflectivity  p  may  be  obtained 

P 

through  a  least-squares  estimation  procedure  applied  to  repeated  measurements 
of  the  scattered  field  for  different  angles  of  incidence.  Thus,  experimental 
measurements  of  the  far  scattered  field  for  the  purpose  of  determining  the 
surface  profile  can  lead  to  two  different  interpretations: 

(a)  the  surface  is  periodically  undulating,  and 

(b)  the  surface  is  flat  with  a  periodic  reflectivity  profile. 


CONCLUSIONS 

We  have  described  a  scalar  T-matrix  formalism  which  is  applicable  for 
highly  corrugated  periodic  surfaces  and  have  shown  that  the  solutions  obtain¬ 
ed  obey  unitarity  as  well  as  reciprocity  constraints.  We  have  also  shown 
that  the  measurement  of  the  scattered  field  (which  exists  only  in  discrete 
well-defined  directions)  can  give  rise  to  two  different  interpretations  of 
the  nature  of  the  scattering  surface.  Further  work  on  extending  the  presented 
approach  for  bimaterial  interfaces  as  well  as  for  elastic  scattering  problems 
is  in  progress. 
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